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Types of Problems: 

  

P & NP PROBLEMS 
 
 

 

• Optimization Problem 

Optimization problems are those for which the objective

 is to maximize or minimize some values. 

For example, 

• Finding the minimum number of colors needed to color a 

given graph. 

• Finding the shortest path between two vertices in a graph. 

 

• Decision Problem 

There are many problems for which the answer is a Yes or a No. 

These types of problems are known as decision problems. For 

example, 

• Whether a given graph can be colored by only 4-colors. 

• Finding Hamiltonian cycle in a graph is not a decision problem, 

whereas checking a graph is Hamiltonian or not is a decision 

problem. 



 

• P-Class 

The class P consists of those problems that are solvable in 

polynomial time, i.e. these problems can be solved in time O(nk) in 

worst-case, where k is constant. 

These   problems    are    called tractable,    while    others    are 

called intractable or super polynomial. 

Formally, an algorithm is polynomial time algorithm, if there 

exists a polynomial p(n) such that the algorithm can solve any 

instance of size n in a time O(p(n)). 

Problem requiring Ω(n50) time to solve are essentially intractable 

for large n. Most known polynomial time algorithm run in time O(nk) 

for fairly low value of k. 

The advantages in considering the class of polynomial-time 

algorithms is that all reasonable deterministic single processor 

model of computation can be simulated on each other with at most 

a polynomial slow-d. 

 
• NP-Class 

The class NP consists of those problems that are verifiable in 

polynomial time. NP is the class of decision problems for which it is 

easy to check the correctness of a claimed answer, with the aid of a 

little extra information. Hence, we aren’t asking for a way to find a 

solution, but only to verify that an alleged solution really is correct. 

Every problem in this class can be solved in exponential time using 

exhaustive search. 



 

• NP-Hard Problems 

A problem is classified as NP-Hard when an algorithm for solving it 

can be translated to solve any NP problem. Then we can say, this 

problem is at least as hard as any NP problem, but it could be much 

harder or more complex. 

 
• NP-Complete Problems 

NP-Complete problems are problems that live in both the NP and 

NP- Hard classes. This means that NP-Complete problems can be 

verified in polynomial time and that any NP problem can be reduced 

to this problem in polynomial time. 

 
 
 

NP-COMPLETENESS 

 
A decision problem L is NP-Hard if L' ≤p L for all L' ϵ NP. 

 

Definition: L is NP-complete if 

• L ϵ NP and 



• L' ≤ p L for some known NP-complete problem L.' Given this 
formal 

 

 

P: is the set of decision problems that are solvable in polynomial time. 

 

NP: is the set of decision problems that can be verified in polynomial 

time. 

 
NP-Hard: L is NP-hard if for all L' ϵ NP, L' ≤p L. Thus if we can solve L 

in polynomial time, we can solve all NP problems in polynomial time. 

 
NP-Complete L is NP-complete if 

• L ϵ NP and 

• L is NP-hard 

If any NP-complete problem is solvable in polynomial time, then 

every NP-Complete problem is also solvable in polynomial time. 

Conversely, if we can prove that any NP-Complete problem cannot 

be solved in polynomial time, every NP-Complete problem cannot be 

solvable in polynomial time. 

 
Reductions: 

Concept: If the solution of NPC problem does not exist then the 

conversion from one NPC problem to another NPC problem within the 

polynomial time. For this, you need the concept of reduction. If a 

solution of the one NPC problem exists within the polynomial time, 

then the rest of the problem can also give the solution in polynomial 



time (but it's hard to believe). For this, you need the concept of 

reduction. 

 
Example: Suppose there are two problems, A and B. You know that 

it is impossible to solve problem A in polynomial time. You want to 

prove that 

 

B cannot be solved in polynomial time. So you can convert the problem A into problem B in polynomial time. 

 
Example of NP-Complete problem: 

NP problem: Suppose a DECISION-BASED problem is provided in 

which a set of inputs/high inputs you can get high output. 

 
Criteria to come either in NP-hard or NP-complete 

• The point to be noted here, the output is already given, and you 

can verify the output/solution within the polynomial time but 

can't produce an output/solution in polynomial time. 

• Here we need the concept of reduction because when you can't 

produce an output of the problem according to the given input 

then in case you have to use an emphasis on the concept of 

reduction in which you can convert one problem into another 

problem. 

So according to the given decision-based NP problem, you can 

decide in the form of yes or no. If, yes then you have to do verify 

and convert into another problem via reduction concept. If you are 



being performed, both then decision-based NP problems are in NP 

compete. 

 

POLYNOMIAL TIME VERIFICATION 

Many problems are hard to solve, but they have the property that it 

easy to authenticate the solution if one is provided. 

 
Hamiltonian cycle problem:- 

Consider the Hamiltonian cycle problem. Given an undirected graph 

G, does G have a cycle that visits each vertex exactly once? There is 

no known polynomial time algorithm for this dispute. 

 

Note: - It means you can't build a Hamiltonian cycle in a graph with a 

polynomial time even if there is no specific path is given for the 

Hamiltonian cycle with the particular vertex, yet you can't verify the 

Hamiltonian cycle within the polynomial time 

 
 

 

 
 

Fig: Hamiltonian Cycle 



Let us understand that a graph did have a Hamiltonian cycle. It 

would be easy for someone to convince of this. They would similarly 

say: "the period is hv3, v7, v1 v13i. 

We could then inspect the graph and check that this is indeed a 

legal cycle and that it visits all of the vertices of the graph exactly 

once. 

 

Note:-For the verification in the Polynomial-time of an undirected 

Hamiltonian cycle graph G. There must be exact/specific/definite path 

must be given of Hamiltonian cycle then you can verify in the polynomial 

time. 

Thus, even though we know of no efficient way to solve the 

Hamiltonian cycle problem, there is a beneficial way to verify that a 

given cycle is indeed a Hamiltonian cycle. 

 

Definition of Certificate: - A piece of information which contains in 

the given path of a vertex is known as certificate 

 
Relation of P and NP classes: 

• P contains in NP 

• P=NP 

• Observe that P contains in NP. In other words, if we can solve a 

problem in polynomial time, we can indeed verify the solution in 

polynomial time. More formally, we do not need to see a certificate 

(there is no need to specify the vertex/intermediate of the specific 



path) to solve the problem; we can explain it in polynomial time 

anyway. 

• However, it is not known whether P = NP. It seems you can 

verify and produce an output of the set of decision-based problems 

in NP classes in a polynomial time which is impossible because 

according to the definition of NP classes you can verify the solution 

within the polynomial time. So this relation can never be held. 

 

Reductions: 

The class NP-complete (NPC) problems consist of a set of 

decision problems (a subset of class NP) that no one knows how to 

solve efficiently. But if there were a polynomial solution for even a 

single NP- complete problem, then every problem in NPC will be 

solvable in polynomial time. For this, we need the concept of 

reductions. 

Suppose there are two problems, A and B. You know that it is 

impossible to solve problem A in polynomial time. You want to prove 

that B cannot be explained in polynomial time. We want to show 

that (A ∉ P) 

=> (B ∉ P) 

Consider an example to illustrate reduction: The following 

problem is well-known to be NPC: 

 
3-color: Given a graph G, can each of its vertices be labeled with 

one of 3 different colors such that two adjacent vertices do not have 

the same label (color). 



Coloring arises in various partitioning issues where there is a 

constraint that two objects cannot be assigned to the same set of 

partitions. The phrase "coloring" comes from the original application 

which was in map drawing. Two countries that contribute a common 

border should be colored with different colors. 

It is well known that planar graphs can be colored (maps) with 

four colors. There exists a polynomial time algorithm for this. But 

deciding whether this can be done with 3 colors is hard, and there is 

no polynomial time algorithm for it. 

 

 
 

Fig: Example of 3-colorable and non-3-colorable graphs. 

 

Polynomial Time Reduction: 

We say that Decision Problem L1 is Polynomial time Reducible to 

decision Problem L2 (L1≤p L2) if there is a polynomial time 

computation function f such that of all x, xϵL1 if and only if xϵL2. 

 

 

NP- COMPLETENESS AND REDUCIBILITY 



Perhaps the most compelling reason why theoretical computer 

scientists believe that P ≠ NP is the existence of the class of "NP- 

complete" problems. This class has the surprising property that if any 

NP- complete problem can be solved in polynomial time, then every 

problem in NP has a polynomial-time solution, that is, P = NP. 

Despite years of study, though, no polynomial-time algorithm has 

ever been discovered for any NP-complete problem. 

The language HAM-CYCLE is one NP-complete problem. If we 

could decide HAM-CYCLE in polynomial time, then we could solve 

every problem in NP in polynomial time. In fact, if NP - P should turn 

out to be nonempty, we could say with certainty that HAM-CYCLE ∈ 

NP - P. 

 

The NP-complete languages are, in a sense, the "hardest" 

languages in NP. In this section, we shall show how to compare the 

relative "hardness" of languages using a precise notion called 

"polynomial-time reducibility." Then we formally define the NP-

complete languages, and we finish by sketching a proof that one such 

language, called CIRCUIT- SAT, is NP-complete 

 

Reducibility 

Intuitively, a problem Q can be reduced to another problem 

Q′ if any instance of Q can be "easily rephrased" as an instance of Q′, 

the solution to which provides a solution to the instance of Q. For 

example, the problem of solving linear equations in an indeterminate 

x reduces to the problem of solving quadratic equations. Given an 



instance ax + b = 0, we transform it to 0x2 + ax + b = 0, whose 

solution provides a solution to ax + b = 0. Thus, if a problem Q 

reduces to another problem Q′, then Q is, in a sense, "no harder to 

solve" than Q′. 

Returning to our formal-language framework for decision 

problems, we say that a language L1 is polynomial-time reducible to 

a language L2, written L1 ≤P L2, if there exists a polynomial-time 

computable function f : 

{0, 1}* → {0,1}* such that for all x {0, 1}*, 
 

(34.1) 
 

We call the function f the reduction function, and a polynomial-

time algorithm F that computes f is called a reduction algorithm. 

Following figure illustrates the idea of a polynomial-time reduction 

from a language L1 to another language L2. Each language is a 

subset of {0, 1}*. The reduction function f provides a polynomial-

time mapping such that if x ∈ L1, then f(x) ∈ L2. Moreover, if x ∉ 

L1, then f (x) ∉ L2. Thus, 

 

the reduction function maps any instance x of the decision problem 

represented by the language L1 to an instance f (x) of the problem 

represented by L2. Providing an answer to whether f(x) ∈ L2 directly 

provides the answer to whether x ∈ L1. 

 



 

An illustration of a polynomial-time reduction from a language L1 to a 

language L2 via a reduction function f. For any input x ∈ {0, 1}*, the 

question of whether x ∈ L1 has the same answer as the question of 

whether f(x) ∈ L2. 

Polynomial-time reductions give us a powerful tool for proving that 

various languages belong to P. 

 
Lemma 34.3 

 

 

If L1, L2 ⊆ {0,1}* are languages such that L1 ≤P L2, then L2 ∈ P implies L1 

P. 

 

Proof: Let A2 be a polynomial-time algorithm that decides L2, 

and let F be a polynomial-time reduction algorithm that computes 

the reduction function f. We shall   construct   a   polynomial-time 

algorithm A1 that decides L1. 

Following illustrates the construction of A1. For a given input x 

∈ {0, 1}*, the algorithm A1 uses F to transform x into f (x), and then 

it 

 

uses A2 to test whether f(x) L2. The output of A2 is the value provided 

as the output from A1. 

 



The proof of Lemma 34.3. The algorithm F is a reduction algorithm 

that computes the reduction function f from L1 to L2 in polynomial 

time, and A2 is a polynomial-time algorithm that decides L2. 

Illustrated is an algorithm A1 that decides whether x ∈ L1 by using F 

to transform any input x into f (x) and then using A2 to decide 

whether f(x) ∈ L2. 

 

 

NP-COMPLETENESS PROOFS 

To start the process of being able to prove problems are NP- 

complete, we need to prove just one problem H is NP-complete. 

After that, to show that any problem X is NP-hard, we just 

need to reduce HH to X. When doing NP-completeness proofs, it is 

very important not to get this reduction backwards! If we reduce 

candidate problem X to known hard problem H, this means that we 

use H as a step to solving X. All that means is that we have found a 

(known) hard way to solve X. However, when we reduce known 

hard problem H to candidate problem X, that means we are using 

X as a step to solve H. And if we know that H is hard, that means X 

must also be hard (because if X were not hard, then neither would H 

be hard). 

So a crucial first step to getting this whole theory off the 

ground is finding one problem that is NP-hard. The first proof that a 

problem is NP- hard (and because it is in NP, therefore NP-complete) 

was done by Stephen Cook. For this feat, Cook won the first Turing 

award, which is 

 



the closest Computer Science equivalent to the Nobel Prize. The 

“grand- daddy” NP-complete problem that Cook used is called 

SATISFIABILITY (or SAT for short). 

A Boolean expression is comprised of Boolean variables 

combined using the operators AND (⋅), OR (+), and NOT (to negate 

Boolean variable x we write x¯). A literal is a Boolean variable or 

its negation. A clause is one or more literals OR’ed together. Let E 

be a Boolean expression over variables x1,x2,...,xn. Then we define 

Conjunctive Normal Form (CNF) to be a Boolean expression written 

as a series of clauses that are AND’ed together. For example, 

 

 
is in CNF, and has three clauses. Now we can define the problem SAT. 

 

Problem 

SATISFIABILITY (SAT) 

Input: A Boolean expression E over variables x1,x2,... in Conjunctive 

Normal Form. 

Output: YES if there is an assignment to the variables that makes E 

true, NO otherwise. 

Cook proved that SAT is NP-hard. Explaining Cook’s proof is beyond 

the scope of this course. But we can briefly summarize it as follows. 

Any decision problem FF can be recast as some language 

acceptance problem L: 

F(I)=YES⇔L(I′)=ACCEPT. 

https://opendsa-server.cs.vt.edu/ODSA/Books/Everything/html/Glossary.html#term-boolean-expression
https://opendsa-server.cs.vt.edu/ODSA/Books/Everything/html/Glossary.html#term-boolean-variable
https://opendsa-server.cs.vt.edu/ODSA/Books/Everything/html/Glossary.html#term-boolean-variable
https://opendsa-server.cs.vt.edu/ODSA/Books/Everything/html/Glossary.html#term-literal
https://opendsa-server.cs.vt.edu/ODSA/Books/Everything/html/Glossary.html#term-clause
https://opendsa-server.cs.vt.edu/ODSA/Books/Everything/html/Glossary.html#term-conjunctive-normal-form
https://opendsa-server.cs.vt.edu/ODSA/Books/Everything/html/Glossary.html#term-conjunctive-normal-form


That is, if a decision problem FF yields YES on input II, then 

there is a language L containing string I′I′ where I′ is some suitable 

transformation 

 

of input I. Conversely, if FF would give answer NO for input I, then I 

‘s transformed version I′ is not in the language L. 

Turing machines are a simple model of computation for writing 

programs that are language acceptors. There is a “universal” Turing 

machine that can take as input a description for a Turing machine, 

and an input string, and return the execution of that machine on that 

string. This Turing machine in turn can be cast as a Boolean 

expression such that the expression is satisfiable if and only if the 

Turing machine yields ACCEPT for that string. Cook used Turing 

machines in his proof because they are simple enough that he could 

develop this transformation of Turing machines to Boolean 

expressions, but rich enough to be able to compute any function that 

a regular computer can compute. The significance of this 

transformation is that any decision problem that is performable by 

the Turing machine is transformable to SAT. Thus, SAT is NP-hard. 

To show that a decision problem X is NP-complete, we 

prove that X is in NP (normally easy, and normally done by giving a 

suitable polynomial-time, non-deterministic algorithm) and then 

prove that X is NP-hard. To prove that X is NP-hard, we choose a 

known NP-complete problem, say A. We describe a polynomial-time 

transformation that takes an arbitrary instance I of A to an instance I′ 



of X. We then describe a polynomial-time transformation from SLN′ 

to SLN such that SLN is the solution for I. 

The following modules show a number of known NP-complete 

problems, and also some proofs that they are NP-complete. The 

various proofs will link the problems together as shown here: 

 

 
 
 

NP-COMPLETE PROBLEMS 

NP-complete problem, any of a class of computational 

problems for which no efficient solution algorithm has been found. 

Many significant computer-science problems   belong   to   this   

class—e.g., the traveling salesman problem, satisfiability problems, 

and graph- covering problems. 

So-called easy, or tractable problems can be solved by 

computer algorithms that run in polynomial time; i.e., for a 

problem of size n, the time or number of steps needed to find 

the solution is a polynomial function of n. 



Algorithms for solving hard, or intractable, problems, on the 

other hand, require times that are exponential functions of the 

problem size n. Polynomial-time algorithms are considered to be 

efficient, while exponential-time algorithms are considered 

inefficient, because the 

 

execution times of the latter grow much more rapidly as the problem 

size increases. 

A problem is called NP (nondeterministic polynomial) if its 

solution can be guessed and verified in polynomial time; 

nondeterministic means that no particular rule is followed to make 

the guess. 

If a problem is NP and all other NP problems are polynomial-

time reducible to it, the problem is NP-complete. Thus, finding 

an efficient algorithm for any NP-complete problem implies that an 

efficient algorithm can be found for all such problems, since any 

problem belonging to this class can be recast into any other member 

of the class. It is not known whether any polynomial-time 

algorithms will ever be found for NP-complete problems, and 

determining whether these problems are tractable or intractable 

remains one of the most important questions in theoretical computer 

science. When an NP-complete problem must be solved, one 

approach is to use a polynomial algorithm to approximate the 

solution; the answer thus obtained will not necessarily be optimal 

but will be reasonably close. 


