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Definition: 

  

DYNAMIC PROGRAMMING 
 

• Dynamic programming is an optimization method which was 

developed by Richard Bellman in 1950. 

• Dynamic programming is used to solve the multistage 

optimization problem in which dynamic means reference to 

time and programming means planning or tabulation. 

• Dynamic programming approach consists of three steps for 

solving a problem that is as follows: 

• The given problem is divided into subproblems as 

same as in divide and conquer rule. However dynamic 

programming is used when the subproblems are not 

independent of each other but they are interrelated. 

I.e. they are also called as overlapping problems. 

• To avoid this type of recomputation of overlapping 

subproblem a table is created in which whenever a 

 

https://en.wikipedia.org/wiki/Richard_E._Bellman


subproblem is solved, then its solution will be stored 

in the table so that in future its solution can be 

reused. 

• The solution of the subproblem is combined in a 

bottom of manner to obtain the optimal solution of a 

given problem. 

 
Components of Dynamic programming 

• Stages 

The given problem can be divided into a number of 

subproblems which are called stages. A stage is a small portion 

of given problem. 

• States 

This indicates the subproblem for which the decision has to be 

taken. The variables which are used for taking a decision at 

every stage that is called as a state variable. 

• Decision 

At every stage, there can be multiple decisions out of which 

one of the best decisions should be taken. The decision taken 

at each stage should be optimal; this is called as a stage 

decision. 

• Optimal policy 

It is a rule which determines the decision at each and every 

stage; a policy is called an optimal policy if it is globally 

optimal. This is called as Bellman principle of optimality. 

 



Applications of dynamic programming: 

• 0/1 knapsack problem 

• Mathematical optimization problem 

• All pair Shortest path problem 
 

• Reliability design problem 

• Longest common subsequence (LCS) 

• Flight control and robotics control 

• Time sharing: It schedules the job to maximize CPU 
usage 

 

 

ELEMENTS OF DYNAMIC PROGRAMMING: 

Dynamic programming possess two important elements which are 

as given below: 

• Overlapping sub problem: 
 

One of the main characteristics is to split the problem into 

subproblem, as similar as divide and conquer approach. The 

overlapping subproblem is found in that problem where bigger 

problems share the same smaller problem. However unlike 

divide and conquer there are many subproblems in which 

overlap cannot be treated distinctly or independently. 

Basically, there are two ways for handling the overlapping 

subproblems: 
 

• Top down approach: 
 

It is also termed as memoization technique. In this, the 

problem is broken into subproblem and these 



subproblems are solved and the solutions are 

remembered, in case if they need to be solved in future. 

Which means that the values are stored in a data 

structure, which will help us to reach them efficiently 

when the same problem will occur during the program 

execution. 
 

• Bottom up approach: 
 

It is also termed as tabulation technique. In this, all 

subproblems are needed to be solved in advance and 

then used to build up a solution to the larger problem. 

• Optimal sub structure: 

It implies that the optimal solution can be obtained from the optimal 

solution of its subproblem. So optimal substructure is simply an 

optimal selection among all the possible substructures that can help 

to select the best structure of the same kind to exist. 

 
Comparison between feasible and optimal solution: 

• Feasible solution 

While solving a problem by using a greedy approach, the solution is 

obtained in a number of stages. The solution which satisfies the 

problem constraints they are called a feasible solution. 

• Optimal solution 

Among all the feasible solution if the best solution either it can have 

a minimum or maximum value is chosen it is an optimal solution. 

 
 
 



 

MATRIX CHAIN MULTIPLICATION USING DYNAMIC 

PROGRAMMING 

Matrix chain multiplication problem: Determine the
 optimal 

 

n 

parenthesization of a product of Matrix chain multiplication 

MCOP) is an optimization problem 

  

matrices. 

(or Matrix Chain Ordering Problem, that to find the most efficient way 

to 

 

multiply a given sequence of matrices. The problem is not actually 
to 

 

perform the multiplications but merely to decide the sequence of 

the matrix multiplications involved. 

The matrix multiplication is associative as no matter how the 

product is parenthesized, the result obtained will remain the same. 

For example, for four matrices A, B, C, and D, we would have: 

((AB)C)D = ((A(BC))D) = (AB)(CD) = A((BC)D) = A(B(CD)) 

5 

C 

30 × 5 

B 

10 × 30 



A 

However, the order in which the product is parenthesized affects 

the number of simple arithmetic operations needed to compute the 

product. 

 

For example, if 

  

is a 

  

matrix, 

  

is a 

  

matrix, and 

  

is a 
 
 

1500 

(10×30×5) + (10×5×60) 

(AB)C 

× 60 

matrix, then computing needs = 
 

27000 

(30×5×60) + 

A(BC) 

4500 

+ 3000 

= operations while computing needs 
 
 

9000 + 18000 

(10×30×60) 

= 

is more efficient. 



  

= operations. Clearly, the first method 
 
 

 
 

Algorithm: 

  

 

MATRIX-CHAIN-ORDER (p) 

• n length[p]-1 

• for i ← 1 to n 

• do m [i, i] ← 0 

• for l ← 2 to n // l is the chain length 

• do for i ← 1 to n-l + 1 

• do j ← i+ l -1 

7. m[i,j] ← ∞ 

• for k ← i to j-1 

• do q ← m [i, k] + m [k + 1, j] + pi-1 pk pj 

• If q < m [i,j] 
 

• then m [i,j] ← q 

• s [i,j] ← k 

• return m and s. 

 

We will use table s to construct an optimal 

solution. Step 1: Constructing an Optimal 

Solution: 

PRINT-OPTIMAL-PARENS (s, i, j) 



• if i=j 

• then print "A" 

• else print "(" 

• PRINT-OPTIMAL-PARENS (s, i, s [i, j]) 

• PRINT-OPTIMAL-PARENS (s, s [i, j] + 1, j) 

• print ")" 

Analysis: There are three nested loops. Each loop executes a 

maximum n times. 

l, length, O (n) 

iterations. i, start, O 

(n) iterations. 

k, split point, O (n) iterations 

Body of loop constant 

complexity 

 
Example: We are given the sequence {4, 10, 3, 12, 20, and 7}. 
The 

matrices have size 4 x 10, 10 x 3, 3 x 

12, 12 x 20, 20 x 7. We need to compute M [i,j], 0 ≤ i, j≤ 5. We know 

M [i, i] = 0 for all i. 

 
Let us proceed with working away 

from the diagonal. We compute the 



optimal solution for the product of 2 

matrices. 

 

 
 
 
 
 

Here P0 to P5 are Position and M1 to M5 are matrix of size (pi to 

pi-1) On the basis of sequence, we make a formula 

 

 
 

In Dynamic Programming, initialization of every method done by '0'.So 

we initialize it by '0'.It will sort out diagonally. 

 
The optimal substructure is defined as, 

 

 

 
We have to sort out all the combination but the minimum output 

combination is taken into consideration. 

Calculation of Product of 2 

matrices: 1. m (1,2) = m1 x m2 



= 4 x 10 x  10 x 3 

= 4 x 10 x 3 = 120 
 

2. m (2, 3) = m2 x m3 

= 10 x 3 x  3 x 12 

= 10 x 3 x 12 = 360 

 

3. m (3, 4) = m3 x m4 

= 3 x 12 x 12 x 20 

= 3 x 12 x 20 = 720 

 

4. m (4,5) = m4 x m5 

= 12 x 20 x 20 x 7 

= 12 x 20 x 7 = 1680 
 

 

We initialize the diagonal 

element with equal i,j 

value with '0'. 

After that second diagonal 

is sorted out and we get all 



the values corresponded to 

it 

 

Now the third diagonal will be solved out in the same way. 

 

Now product of 3 matrices: 

M [1, 3] = M1 M2 M3 

There are two cases by which we can solve this multiplication: ( M1 x 
M2) 

+ M3, M1+ (M2x M3) 

After solving both cases we choose the case in which minimum 

output is there. 

 

 
 

M [1, 3] =264 

As Comparing both output 264 is minimum in both cases so   we 

insert 264 in table and ( M1 x M2) + M3 this combination is chosen for 

the output making. 

 
M [2, 4] = M2 M3 M4 

There are two cases by which we can solve this multiplication: (M2x 

M3)+M4, M2+(M3 x M4) 

After 

solving both cases we choose the case in which minimum output is 

there. 

 



M [2, 4] = 1320 

 

As Comparing both output 1320 is minimum in both cases so we 

insert 1320 in table and M2+(M3 x M4) this combination is chosen for 

the output making. 

 
M [3, 5] = M3 M4 M5 

There are two cases by which we can solve this multiplication: ( M3 x 
M4) 

+ M5, M3+ ( M4xM5) 

After 

solving both cases we choose the case in which minimum output is 

there. 

 
 

As Comparing both output 1140 is minimum in both cases so we 

insert 1140 in table and ( M3 x M4) + M5this combination is chosen 

for the output making. 

 

 

 

 
Now Product of 4 matrices: 

M [1, 4] = M1 M2 M3 M4 



There are three cases by which we can solve this 

multiplication: ( M1 x M2 x M3) M4 

M1 x(M2 x M3 x 

M4) (M1 xM2) x ( 

M3 x M4) 

After 

solving these cases we choose the case in which minimum output is 

there 

 
M [1, 4] =1080 

As comparing the output of different cases then '1080' is minimum 

output, so we insert 1080 in the table and (M1 xM2) x (M3 x M4) 

combination is taken out in output making, 

 

M [2, 5] = M2 M3 M4 M5 

There are three cases by which we can solve this 

multiplication: (M2 x M3 x M4)x M5 

M2 x( M3 x M4 x 

M5) (M2 x M3)x ( 

M4 x M5) 

After 

solving these cases we choose the case in which minimum output is 

there 

M [2, 5] = 1350 



As 

comparing the output of different cases then '1350' is minimum 

output,   so   we    insert    1350    in    the    table    and    M2 x(    

M3 x M4 xM5)combination is taken out in output making. 

 
 

Now Product of 5 matrices: 

M [1, 5] = M1 M2 M3 M4 M5 

There are five cases by which we can solve this 

multiplication: (M1 x M2 xM3 x M4 )x M5 

M1 x( M2 xM3 x M4 

xM5) (M1 x M2 

xM3)x M4 xM5 M1 x 

M2x(M3 x M4 xM5) 

 

After 

solving these cases we choose the case in which minimum output is 

there 

M [1, 5] = 1344 



As comparing the output of different cases then '1344' is minimum 

output, so we insert 1344 in the table and M1 x M2 x(M3 x M4 x 

M5)combination is taken out in output making. 

 
Final Output is: 

 

 
 
 

Step 3: Computing Optimal Costs: let us assume that matrix Ai has 

dimension pi-1x pi for i=1, 2, 3....n. The input is a sequence 

(p0,p1,......pn) where length [p] = n+1. The procedure uses an 

auxiliary table m [1....n, 1.....n] for storing m [i, j] costs an auxiliary 

table s [1.....n, 1.....n] that record which index of k achieved the 

optimal costs in computing m [i, j]. 

The algorithm first computes m [i, j] ← 0 for i=1, 2, 3.....n, the 

minimum costs for the chain of length 1. 

 

Total Complexity is: O (n3) 

The time complexity of the above top-down solution is O(n3) and 

requires O(n2) extra space, where n is the total number of matrices. 

 

 

LONGEST COMMON SUBSEQUENCE 



The longest common subsequence (LCS) is defined as the 

longest subsequence that is common to all the given sequences, 

provided that the elements of the subsequence are not required to 

occupy consecutive positions within the original sequences. 

Subsequence 

Let us consider a sequence S = <s1, s2, s3, s4, …,sn>. A 
sequence Z 

= <z1, z2, z3, z4, …,zm> over S is called a subsequence of S, if and 

only if it can be derived from S deletion of some elements. 

Common Subsequence 

Suppose, X and Y are two sequences over a finite set of 

elements. We can say that Z is a common subsequence of X and Y, if 

Z is a subsequence of both X and Y. 

Longest Common Subsequence 

If a set of sequences are given, the longest common 

subsequence problem is to find a common subsequence of all the 

sequences that is of maximal length. 

The longest common subsequence problem is a classic 

computer science problem, the basis of data comparison programs 

such as the diff- utility, and has applications in bioinformatics. It is 

also widely used by revision control systems, such as SVN and Git, for 

reconciling multiple changes made to a revision-controlled collection 

of files. 

 

Dynamic Programming 



Let X = < x1, x2, x3,…, xm > and Y = < y1, y2, y3,…, yn > be the 

sequences. To compute the length of an element the following 

algorithm is used. 

In this procedure, table C[m, n] is computed in row major order and 

another table B[m,n] is computed to construct optimal solution. 

 
Algorithmic Steps: 

The following steps are followed for finding the longest 

common subsequence. 

Step 1: Create a table of dimension n+1*m+1 where n and m are the 

lengths of X and Y respectively. The first row and the first column 

are filled with zeros. Fill each cell of the table using the following 

logic. 

Step 2: If the character corresponding to the current row and 

current column are matching, then fill the current cell by adding 

one to the diagonal element. Point an arrow to the diagonal cell. 

Step 3: Else take the maximum value from the previous column and 

previous row element for filling the current cell. Point an arrow to 

the cell with maximum value. If they are equal, point to any of 

them. 

Step 4: Step 2 is repeated until the table is filled 

Step 5: The value in the last row and the last column is the length of 

the longest common subsequence. 

Step 6: In order to find the longest common subsequence, start from 

the last element and follow the direction of the arrow. The 



elements corresponding to diagonal symbol form the longest 

common subsequence. 

 

Algorithm: LCS-Length-Table-Formulation 

(X, Y) m := length(X) 

n := 

length(Y) 

for i = 1 to 

m do 

C[i, 0] := 0 

for j = 1 to 

n do C[0, 

j] := 0 

for i = 1 to m 

do for j = 1 

to n do 

if xi = yj 

C[i, j] := C[i - 1, j - 

1] + 1 B[i, j] := ‘D’ 

else 

if C[i -1, j] ≥ C[i, j -1] 

C[i, j] := C[i - 1, j] + 1 

B[i, j] := ‘U’ 

else 

C[i, j] := C[i, j - 1] 

B[i, j] := ‘L’ 



return C and B 

 

Algorithm: Diagonal Print-LCS (B, X, 

i, j) if i = 0 and j = 0 

return 

if B[i, j] = ‘D’ 

Print-LCS(B, X, i-1, j-1) 

Print(xi) 
 

else if B[i, j] = ‘U’ 

Print-LCS(B, X, 

i-1, j) else 

Print-LCS(B, X, i, j-1) 

 

This algorithm will print the longest common subsequence of X 

and Y. Analysis 

To populate the table, the outer for loop iterates m times and the 

inner for loop iterates n times. Hence, the complexity of the 

algorithm is O(m, n), where m and n are the length of two strings. 

Example: 

In this example, we have two strings X = BACDB and Y = BDCB to find 

the longest common subsequence. 

Following the algorithm LCS-Length-Table-Formulation (as stated 

above), we have calculated table C (shown on the left hand side) and 

table B (shown on the right hand side). 



In table B, instead of ‘D’, ‘L’ and ‘U’, we are using the diagonal 

arrow, left arrow and up arrow, respectively. After generating table 

B, the LCS is determined by function LCS-Print. The result is BCB. 

 
 

 
 

 
 

Definition: 

  

GREEDY ALGORITHMS 
 

Greedy is an algorithmic paradigm that builds up a solution 

piece by piece, always choosing the next piece that offers the most 

obvious and immediate benefit. So the problems where choosing 

locally optimal also leads to global solution are best fit for Greedy. 

Greedy Algorithm solves problems by making the best choice that 

seems best at the particular moment. Many optimization problems 

can be determined using a greedy algorithm. Some issues have no 

efficient solution, but a greedy algorithm may provide a solution that 

is close to optimal. 

 
Example: 



• Knapsack Problem 

• scheduling 

• Minimum Spanning Tree 

• Huffman Code 

• Job Sequencing 
 

 

ELEMENTS OF THE GREEDY STRATEGY 

A greedy algorithm obtains an optimal solution to a problem by 

making a sequence of choices. For each decision point in the 

algorithm, the choice that seems best at the moment is chosen. This 

heuristic strategy does not always produce an optimal solution, but as 

we saw in the activity-selection problem, sometimes it does. This 

section discusses some of the general properties of greedy methods. 

1. Determine the optimal substructure of the problem. 
 
 

• Prove that at any stage of the recursion, one of the optimal 

choices is the greedy choice. Thus, it is always safe to make the 

greedy choice. 

• Show that all but one of the subproblems induced by having 

made the greedy choice are empty. 

• Develop a recursive algorithm that implements the greedy 

strategy. 

• Convert the recursive algorithm to an iterative algorithm. 
 

 

AN ACTIVITY-SELECTION PROBLEM 



The activity selection problem is a mathematical optimization 

problem. Our first illustration is the problem of scheduling a 

resource among several challenge activities. We find a greedy 

algorithm provides a well designed and simple method for selecting a 

maximum- size set of manually compatible activities. 

Suppose S = {1, 2....n} is the set of n proposed activities. The 

activities share resources which can be used by only one activity at a 

time, e.g., Tennis Court, Lecture Hall, etc. Each Activity "i" has 

start time si and a finish time fi, where si ≤fi. If selected activity "i" 

take place meanwhile the half-open time interval [si,fi). 

Activities i and j are compatible if the intervals (si, fi) and [si, fi) 

do not overlap (i.e. i and j are compatible if si ≥fi or si ≥fi). The 

activity-selection problem chosen the maximum- size set of mutually 

consistent activities. 

 
Algorithm Of Greedy- Activity 

Selector: GREEDY- ACTIVITY 

SELECTOR (s, f) 

• n ← 

length [s] 2. 

A ← {1} 

 

3. j ← 1. 

• for i ← 2 to n 

• do if si ≥ fi 

• then A ← A 𝖴 {i} 



• j ← i 

• return A 

 

Example: Given 10 activities along with their start and end 

time as S = (A1 A2 A3 A4 A5 A6 A7 A8 A9 A10) 

Si = (1,2,3,4,7,8,9,9,11,12) 

fi = (3,5,4,7,10,9,11,13,12,14) 

Compute a schedule where the greatest number of activities takes 

place. Solution: The solution to the above Activity scheduling 

problem using a greedy strategy is illustrated below: 

Arranging the activities in increasing order of end time 

 
 
 

Now, schedule A1 

Next schedule A3 as A1 and A3 are non-

interfering. Next skip A2 as it is interfering. 



Next, schedule A4 as A1 A3 and A4 are non-interfering, then next, 

schedule A6 as A1 A3 A4 and A6 are non-interfering. 

Skip A5 as it is interfering. 

Next, schedule A7 as A1 A3 A4 A6 and A7 are non-interfering. 

Next, schedule A9 as A1 A3 A4 A6 A7 and A9 are non-

interfering. Skip A8 as it is interfering. 

Next, schedule A10 as A1 A3 A4 A6 A7 A9 and A10 are non-

interfering. Thus the final Activity schedule is: 

 

 
 
 

 

 
Definition: 

  

HUFFMAN ALGORITHM 
 

Huffman coding is a lossless data compression algorithm. The 

idea is to assign variable-length codes to input characters, lengths of 

the assigned codes are based on the frequencies of corresponding 

characters. The most frequent character gets the smallest code and 

the least frequent character gets the largest code. 

 

Difference between Fixed Width vs Variable length Coding: 
 
 



 

 
Brief History / Characteristics of Huffman Encoding: 

• Developed by David Huffman in 1951, this technique is the 

basis for all data compression and encoding schemes 

• It is a famous algorithm used for lossless data encoding 

• It follows a Greedy approach, since it deals with generating 

minimum length prefix-free binary codes 

• It uses variable-length encoding scheme for assigning binary 

codes to characters depending on how frequently they occur in 

the given text. The character that occurs most frequently is 

assigned the smallest code and the one that occurs least 

frequently gets the largest code 

 
Algorithm for creating the Huffman Tree: 

Step 1- Create a leaf node for each character and build a min heap 

using all the nodes (The frequency value is used to compare 

two nodes 

 



in min heap) 

Step 2- Repeat Steps 3 to 5 while heap has more than one node 

Step 3- Extract two nodes, say x and y, with minimum frequency 

from the heap 

Step 4- Create a new internal node z with x as its left child and y 

as its right child. Also frequency(z)= 

frequency(x)+frequency(y) 

Step 5- Add z to min heap 

Step 6- Last node in the heap is the root of Huffman tree 

 

Example: Huffman tree creation 

Let’s try and create Huffman Tree for the following characters along 

with their frequencies using the above algorithm- 

Characters Frequencies 

a 10 

e 15 

i 12 

o 3 

u 4 

s 13 

t 1 

Step A- Create leaf nodes for all the characters and add them to the 

min heap. 

• Step 1- Create a leaf node for each character and build a min 

heap using all the nodes (The frequency value is used to 

compare two nodes in min heap) 



 

Fig 1: Leaf nodes for each character 
 

Step B- Repeat the following steps till heap has more than one nodes 

• Step 3- Extract two nodes, say x and y, with minimum 

frequency from the heap 

• Step 4- Create a new internal node z with x as its left child and 

y as its right child. Also frequency(z)= 

frequency(x)+frequency(y) 

• Step 5- Add z to min heap 

• Extract and Combine node u with an internal node 

having 4 as the frequency 

• Add the new internal node to priority queue- 
 

 

Fig 2: Combining nodes o and t 

• Extract and Combine node awith an internal node 

having 8 as the frequency 

• Add the new internal node to priority queue- 



 

 
Fig 3: Combining node u with an internal node having 4 as 
frequency 

 

• Extract and Combine nodes i and s 

• Add the new internal node to priority queue- 
 
 

 

 
Fig 4: Combining node u with an internal node having 4 as 
frequency 

• Extract and Combine nodes i and s 



• Add the new internal node 
to priority queue- 

 
Fig 5: Combining nodes i and s 

 

• Extract and Combine node e with an internal node 

having 18 as the frequency 

• Add the new internal node to priority queue- 

 
Fig 6: Combining node e with an internal node having 18 as 
frequency 

• Finally, Extract and Combine internal nodes having 25 

and 33 as the frequency 

• Add the new internal node to priority queue- 



 

Fig 7: Final Huffman tree obtained by combining internal nodes 

having 25 and 33 as frequency 

 

Now, since we have only one node in the queue, the control will exit 

out of the loop 

Step C- Since internal node with frequency 58 is the only node in 

the queue, it becomes the root of Huffman tree. 

Step 6- Last node in the heap is the root of Huffman tree 

Steps for traversing the Huffman Tree: 

• Create an auxiliary array 

• Traverse the tree starting from root node 

• Add 0 to array while traversing the left child and add 1 to array 

while traversing the right child 

• Print the array elements whenever a leaf node is found 

• Following the above steps for Huffman Tree generated above, 

we get prefix-free and variable-length binary codes with 

minimum expected code word length- 

 



 

 
Fig 8: Assigning binary codes to Huffman tree 

 

Characters Binary Codes 

i 00 

s 01 

e 10 

u 1100 

t 11010 

o 11011 

a 111 

 
 
 
 

Using the above binary codes- 

Suppose the string “staeiout” needs to be transmitted from 

computer A (sender) to computer B (receiver) across a network. 

Using concepts    of    Huffman     encoding,     the     string     gets     



encoded to “0111010111100011011110011010” (01 | 11010 | 

111 | 10 | 00 | 

11011 | 1100 | 11010) at the sender side. 

 

Time Complexity Analysis: 

Since Huffman coding uses min Heap data structure for 

implementing priority queue, the complexity is O(nlogn). 

 
Advantages of Huffman Encoding: 

• This encoding scheme results in saving lot of storage space, 

since the binary codes generated are variable in length 

• It generates shorter binary codes for encoding 
symbols/characters 

 
 

Disadvantages of Huffman Encoding: 

• Lossless techniques like Huffman encoding are suitable only for 

encoding text and program files and are unsuitable for encoding 

digital images. 

• Huffman encoding is a relatively slower process since it uses two 

passes- one for building the statistical model and another for 

encoding. 

• Since length of all the binary codes is different, it becomes 

difficult for the decoding software to detect whether the 

encoded data is corrupt. This can result in an incorrect decoding 

and subsequently, a wrong output. 

 
Real-life applications of Huffman Encoding: 



• Huffman encoding is widely used in compression formats like 

GZIP, PKZIP (winzip) and BZIP2. 

• Multimedia codecs like JPEG, PNG and MP3 uses Huffman 

encoding (to be more precise the prefix codes) 

• Huffman encoding still dominates the compression industry 

since newer arithmetic and range coding schemes are 

avoided due to their patent issues. 

 
 
 
 
 
 
 
 
 
 
 
 

 


