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UNIT III  BAYESIAN LEARNING        9  
Basic Probability Notation- Inference – Independence - Bayes’ Rule. Bayesian 
Learning: Maximum Likelihood and Least Squared error hypothesis-Maximum 
Likelihood hypotheses for predicting probabilities- Minimum description Length 
principle -Bayes optimal classifier - Naïve Bayes classifier - Bayesian Belief 
networks -EM algorithm.  
UNIT-3        PART-A(2 MARKS) 
1. Define Bayes Theorem in Machine Learning 

Soln:-  

Bayes Theorem is a method to determine conditional probabilities – that is, 

the probability of one event occurring given that another event has already 

occurred. Because a conditional probability includes additional conditions – in 

other words, more data – it can contribute to more accurate results 

Mathematically, Bayes theorem can be expressed by combining both equations 

on right hand side. We will get:                             

P(X/Y)=P(Y/X).P(X) / P(Y) 

2. What is inference? 

Soln:-Machine learning inference is the process of running data points into a 

machine learning model to calculate an output such as a single numerical 

score. This process is also referred to as “operationalizing a machine learning 

model” or “putting a machine learning model into production.” 

3. What are the advantage of Hybrid approach? 

Soln:-Hybrid approach takes the advantage of both filter and wrapper 

approaches. A typical hybrid algorithm makes use of both the statistical tests as 

used in filter approach to decide the best subsets for a given cardinality and a 

learning algorithm to select the final best subset among the best subsets across 

different cardinalities. 

4. What is the uses of  Embedded Approach? 

Soln:-Embedded approach  is quite similar to wrapper approach as it also uses 

and inductive  algorithm to evaluate the generated feature subsets. 

5. What is meant by Kernel Trick?  

Soln:-one way to deal with non-linearly separable data is by using a slack 

variable and an optimization function to minimize the cost value. However, this is 

not the only way to use SVM to solve machine learning problems involving non-

linearly separable data sets. SVM has a technique called the kernel trick to deal 

with non-linearly separable data.   



6. What is meant by belief network?  

Soln:- 

variables  

7. What is a Bayesian network?   

Bayesian network is an approach in which we preserves the formulations & rely 

instead on the modulating of the world we are trying to model.  

8. Define conditional probability?  

9. Once the agents has obtained some evidence concerning the previously 

unknown propositions making up the domain conditional or posterior 

probabilities with the notation p(A/B) is used. This is important that p(A/B) can 

only be used when all be is known.  

10. What are the ways in which one can understand the semantics of a 

belief network?  

Soln:- 

There are two ways to see the network as a representation of the joint 

probability distribution to view it as an encoding of collection of conditional 

independence statements.  

11. What is the basic task of a probabilistic inference? 

Soln:- 

The basic task is to reason in terms of prior probabilities of conjunctions, but for 

the most part, we will use conditional probabilities as a vehicle for probabilistic 

inference.  

12. What is called as principle of maximum expected utility? 

The basic idea is that an agent is rational if and only if it chooses the action that 

yields the highest expected utility, averaged over all the possible outcomes of the 

action. This is known as MEU. 

13. Define Transition Probability? 

Soln:- 

Transition probability - process moves from one state to another, as defined by 

the conditional distribution given the Markov blanket of the variable being 

sampled. 

Let q (x ->x') be the probability that process makes a transition from state x state 

x'. 

 



14. What is Likelihood Weighting? 

Likelihood weighting avoids the inefficiency of rejection sampling by generating 

only events that are consistent with the evidence e.Each event is weighted by the 

likelihood that the event accords to the evidence, as measured by the product of 

the conditional probabilities for each evidence variable, given its parents. Query 

P (Rain /Sprinkler = true, Wet Grass = true).First, the weight w is set to 1.0. 

15. Define Bayesian Learning. 

Soln:- 

It calculates the probability of each hypotheses, given the data andmakes 
predictions on that basis, (i.e.) predictions are made by using allthe hypotheses, 
weighted by their probabilities rather than by using justsingle “best” hypotheses. 
     

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 



 
UNIT-3      PART-B(13 MARKS) 
1. Describe the Basic Probability notation which is used in Bayesian 

Learning                                                                                                        (13) 

Soln:-  
Basic Probability Notation:-  

Marginal Probability: The probability of an event irrespective of the 
outcomes of other random variables, e.g. P(A).  

Joint Probability: The joint probability is the probability of two (or more) 
simultaneous events, often described in terms of events A and B from two 
dependent random variables, e.g. X and Y. The joint probability is often 
summarized as just the outcomes, e.g. A and B. Probability of two (or more) 
simultaneous events, e.g. P(A and B) or P(A, B).  
 

Conditional Probability: The conditional probability is the probability of one 
event given the occurrence of another event, often described in terms of events A 
and B from two dependent random variables e.g. X and Y.  
Probability of one (or more) event given the occurrence of another event, e.g. P(A 
given B) or P(A | B). 
The joint probability can be calculated using the conditional probability; for 
example:  

 
 
This is called the product rule. Importantly, the joint probability is symmetrical, 
meaning that:  

 
The conditional probability can be calculated using the joint probability; for 
example:  

 B) / P(B)  
The conditional probability is not symmetrical; for example:  

 
 
We are now up to speed with marginal, joint and conditional probability. If you 
would like more background on these fundamentals, see the tutorial:  
An Alternate Way To Calculate Conditional Probability  
Now, there is another way to calculate the conditional probability.  
Specifically, one conditional probability can be calculated using the other 
conditional probability; for example:  

/ P(B)  
The reverse is also true; for example:  



 
This alternate approach of calculating the conditional probability is useful either 
when the joint probability is challenging to calculate (which is most of the time), 
or when the reverse conditional probability is available or easy to calculate.  
This alternate calculation of the conditional probability is referred to as Bayes 
Rule or Bayes Theorem.  
Bayes Theorem: Principled way of calculating a conditional probability without 
the joint probability.  
It is often the case that we do not have access to the denominator directly, e.g. 
P(B). We can calculate it an alternative way; for example:  

 
 
This gives a formulation of Bayes Theorem that we can use that uses the 
alternate calculation of P(B), described below:  

 
 
Or with brackets around the denominator for clarity:  

 
 
Note: the denominator is simply the expansion we gave above.  
As such, if we have P(A), then we can calculate P(not A) as its complement; for 
example:  

– P(A)  
 
Additionally, if we have P(not B|not A), then we can calculate P(B|not A) as its 
complement; for example:  

– P(not B|not A)  
 
Now that we are familiar with the calculation of Bayes Theorem, let’s take a 

closer look at the meaning of the terms in the equation. 

 

2.  Discuss Maximum likelihood and Least Squared error hypothesis   detail   

               (13) 

Soln:- 

Maximum likelihood estimation is a method that determines values for the 
parameters of a model. The parameter values are found such that they maximize 
the likelihood that the process described by the model produced the data that 
were actually observed. 
The above definition may still sound a little cryptic so let’s go through an 
example to help understand this.Let’s suppose we have observed 10 data points 



from some process. For example, each data point could represent the length of 
time in seconds that it takes a student to answer a specific exam question. These 
10 data points are shown in the figure below 

 
 The 10 (hypothetical) data points that we have observed 
We first have to decide which model we think best describes the process of 
generating the data. At the very least, we should have a good idea about which 
model to use. This usually comes from having some domain expertise but we 
wont discuss this here. For these data we’ll assume that the data generation 
process can be adequately described by a Gaussian (normal) distribution. Visual 
inspection of the figure above suggests that a Gaussian distribution is plausible 
because most of the 10 points are clustered in the middle with few points 
scattered to the left and the right.  
Recall that the Gaussian distribution has 2 parameters. The mean, μ, and the 
standard deviation, σ. Different values of these parameters result in different 
curves (just like with the straight lines above). We want to know which curve 
was most likely responsible for creating the data points that we observed? (See 
figure below). Maximum likelihood estimation is a method that will find the 
values of μ and σ that result in the curve that best fits the data. 
The 10 data points and possible Gaussian distributions from which the data were 
drawn.f1 is normally distributed with mean 10 and variance 2.25 (variance is 
equal to the square of the standard deviation), this is also denoted f1 ∼ N (10, 
2.25). f2 ∼ N (10, 9), f3 ∼ N (10, 0.25) and f4 ∼ N (8, 2.25). 

 
The goal of maximum likelihood is to find the parameter values that give the 
distribution that maximise the probability of observing the data. 



The true distribution from which the data were generated was f1 ~ N(10, 2.25), 
which is the blue curve in the figure above. 
Calculating the Maximum Likelihood Estimates 
We assume that they have been generated from a process that is adequately 
described by a Gaussian distribution. These points are 9, 9.5 and 11.  
The assumption is that each data point is generated independently of the others. 
This assumption makes the maths much easier. If the events (i.e. the process that 
generates the data) are independent, then the total probability of observing all of 
data is the product of observing each data point individually (i.e. the product of 
the marginal probabilities). 
The probability density of observing a single data point x, that is generated from 
a Gaussian distribution is given by: 

 
The semi colon used in the notation P(x; μ, σ) is there to emphasise that the 
symbols that appear after it are parameters of the probability distribution. So it 
shouldn’t be confused with a conditional probability (which is typically 
represented with a vertical line e.g. P(A| B)). 
In our example the total (joint) probability density of observing the three data 
points is given by: 

 
We just have to figure out the values of μ and σ that results in giving the 
maximum value of the above expression. 
The log likelihood 
The above expression for the total probability is actually quite a pain to 
differentiate, so it is almost always simplified by taking the natural logarithm of 
the expression. This is absolutely fine because the natural logarithm is a 
monotonically increasing function. This means that if the value on the x-axis 
increases, the value on the y-axis also increases (see figure below). This is 
important because it ensures that the maximum value of the log of the 
probability occurs at the same point as the original probability function. 
Therefore we can work with the simpler log-likelihood instead of the original 
likelihood. 



 
Monotonic behaviour of the original function, y = x on the left and the (natural) 
logarithm function y = ln(x). These functions are both monotonic because as you 
go from left to right on the x-axis the y value always increases. 

 
Example of a non-monotonic function because as you go from left to right on the 
graph the value of f(x) goes up, then goes down and then goes back up again. 
Taking logs of the original expression gives us: 

 
This expression can be simplified again using the laws of logarithms to obtain: 

 
This expression can be differentiated to find the maximum. In this example we’ll 
find the MLE of the mean, μ. To do this we take the partial derivative of the 
function with respect to μ, giving 

Finally, setting the left hand side of the equation to zero and then rearranging for 
μ gives: 

And there we have our maximum likelihood estimate for μ. We can do the same 
thing with σ too but I’ll leave that as an exercise for the keen reader. 



 
3. (i) Explain Navie Bayes classifier         (8) 

Soln:- 

o Naïve Bayes algorithm is a supervised learning algorithm, which is based 
on Bayes theorem and used for solving classification problems. 
o It is mainly used in text classification that includes a high-dimensional training 
dataset. 
o Naïve Bayes Classifier is one of the simple and most effective Classification 
algorithms which helps in building the fast machine learning models that can 
make quick predictions. 
o It is a probabilistic classifier, which means it predicts on the basis of the 
probability of an object. 
o Some popular examples of Naïve Bayes Algorithm are spam filtration, 
Sentimental analysis, and classifying articles. 
Why is it called Naïve Bayes? 
        The Naïve Bayes algorithm is comprised of two words Naïve and Bayes, 
Which can be described as: 
o Naïve: It is called Naïve because it assumes that the occurrence of a certain 
feature is independent of the occurrence of other features. Such as if the fruit is 
identified on the bases of color, shape, and taste, then red, spherical, and sweet 
fruit is recognized as an apple. Hence each feature individually contributes to 
identify that it is an apple without depending on each other. 
o Bayes: It is called Bayes because it depends on the principle of Bayes' Theorem. 
Bayes' Theorem: 
o Bayes' theorem is also known as Bayes' Rule or Bayes' law, which is used to 
determine the probability of a hypothesis with prior knowledge. It depends on 
the conditional probability. 
o The formula for Bayes' theorem is given as: 

 
Where, 
P(A|B) is Posterior probability: Probability of hypothesis A on the observed 
event B. 
P(B|A) is Likelihood probability: Probability of the evidence given that the 
probability of a hypothesis is true. 
P(A) is Prior Probability: Probability of hypothesis before observing the 
evidence. 
P(B) is Marginal Probability: Probability of Evidence. 
Advantages of Naïve Bayes Classifier: 

https://www.javatpoint.com/bayes-theorem-in-artifical-intelligence


o Naïve Bayes is one of the fast and easy ML algorithms to predict a class of 
datasets. 
o It can be used for Binary as well as Multi-class Classifications. 
o It performs well in Multi-class predictions as compared to the other Algorithms. 
o It is the most popular choice for text classification problems. 
Disadvantages of Naïve Bayes Classifier: 
o Naive Bayes assumes that all features are independent or unrelated, so it 
cannot learn the relationship between features. 
Applications of Naïve Bayes Classifier: 
o It is used for Credit Scoring. 
o It is used in medical data classification. 
o It can be used in real-time predictions because Naïve Bayes Classifier is an 
eager learner. 
o It is used in Text classification such as Spam filtering and Sentiment analysis. 
Types of Naïve Bayes Model: 
There are three types of Naive Bayes Model, which are given below: 
o Gaussian: The Gaussian model assumes that features follow a normal 
distribution. This means if predictors take continuous values instead of discrete, 
then the model assumes that these values are sampled from the Gaussian 
distribution. 
o Multinomial: The Multinomial Naïve Bayes classifier is used when the data is 
multinomial distributed. It is primarily used for document classification 
problems, it means a particular document belongs to which category such as 
Sports, Politics, education, etc.The classifier uses the frequency of words for the 
predictors. 
o Bernoulli: The Bernoulli classifier works similar to the Multinomial classifier, 
but the predictor variables are the independent Booleans variables. Such as if a 
particular word is present or not in a document. This model is also famous for 
document classification tasks. 
 
3(ii).Suppose we have a dataset of weather conditions and corresponding 
target variable "Play". So using this dataset we need to decide that whether 
we should play or not on a particular day according to the weather 
conditions. So to solve this problem, we need to follow the below steps: (8) 
1. Convert the given dataset into frequency tables. 
2. Generate Likelihood table by finding the probabilities of given features. 
3. Now, use Bayes theorem to calculate the posterior probability. 
Problem: If the weather is sunny, then the Player should play or not using 
Naïve Bayesian Classifier? 
Soln: To solve this, first consider the below dataset: 



 Outlook Play 

0 Rainy Yes 

1 Sunny Yes 

2 Overcast Yes 

3 Overcast Yes 

4 Sunny No 

5 Rainy Yes 

6 Sunny Yes 

7 Overcast Yes 

8 Rainy No 

9 Sunny No 

           
10 

Sunny Yes 

           
11 

Rainy No 

            
12 

Overcast Yes 

            
13 

Overcast Yes 

Frequency table for the Weather Conditions: 

Weather     Yes No 

Overcast 5 0 

Rainy 2 2 

Sunny 3 2 



Total 10 5 

Likelihood table weather condition: 

Weather No Yes  

Overcast 0 5 5/14= 0.35 

Rainy 2 2 4/14=0.29 

Sunny 2 3 5/14=0.35 

All 4/14=0.29 10/14=0.71  

 
Applying Bayes'theorem: 
P(Yes|Sunny)= P(Sunny|Yes)*P(Yes)/P(Sunny) 
P(Sunny|Yes)= 3/10= 0.3 
P(Sunny)= 0.35 
P(Yes)=0.71 
So P(Yes|Sunny) = 0.3*0.71/0.35= 0.60 
P(No|Sunny)= P(Sunny|No)*P(No)/P(Sunny) 
P(Sunny|NO)= 2/4=0.5 
P(No)= 0.29 
P(Sunny)= 0.35 
So P(No|Sunny)= 0.5*0.29/0.35 = 0.41 
So as we can see from the above calculation that P(Yes|Sunny)>P(No|Sunny) 
Hence on a Sunny day, Player can play the game. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



UNIT-3       PART-C(15 MARKS) 
1. Explain Bayesian Belief Networks in detail                          (13) 

Soln:- 

Bayesian belief network is key computer technology for dealing with 
probabilistic events and to solve a problem which has uncertainty. We can define 
a Bayesian network as: 
"A Bayesian network is a probabilistic graphical model which represents a set of 
variables and their conditional dependencies using a directed acyclic graph." It is 
also called a Bayes network, belief network, decision network, or Bayesian 
model. 
Bayesian networks are probabilistic, because these networks are built from 
a probability distribution, and also use probability theory for prediction and 
anomaly detection. 
Real world applications are probabilistic in nature, and to represent the 
relationship between multiple events, we need a Bayesian network. It can also be 
used in various tasks including prediction, anomaly detection, diagnostics, 
automated insight, reasoning, time series prediction, and decision making 
under uncertainty. 
Bayesian Network can be used for building models from data and experts 
opinions, and it consists of two parts: 
o Directed Acyclic Graph 
o Table of conditional probabilities. 
The generalized form of Bayesian network that represents and solve decision 
problems under uncertain knowledge is known as an Influence diagram. 
A Bayesian network graph is made up of nodes and Arcs (directed links), 
where: 

 
o Each node corresponds to the random variables, and a variable can 
be continuous or discrete. 
o Arc or directed arrows represent the causal relationship or conditional 
probabilities between random variables. These directed links or arrows connect 
the pair of nodes in the graph. 
These links represent that one node directly influence the other node, and if 
there is no directed link that means that nodes are independent with each other 
o In the above diagram, A, B, C, and D are random variables 
represented by the nodes of the network graph. 



o If we are considering node B, which is connected with node A by 
a directed arrow, then node A is called the parent of Node B. 
o Node C is independent of node A. 
The Bayesian network has mainly two components: 
o Causal Component 
o Actual numbers 
Each node in the Bayesian network has condition probability 
distribution P(Xi |Parent(Xi) ), which determines the effect of the parent on that 
node. 
Bayesian network is based on Joint probability distribution and conditional 
probability. So let's first understand the joint probability distribution: 
Joint probability distribution: 
If we have variables x1, x2, x3,....., xn, then the probabilities of a different 
combination of x1, x2, x3.. xn, are known as Joint probability distribution. 
P[x1, x2, x3,.....,xn], it can be written as the following way in terms of the joint 
probability distribution. 
= P[x1| x2, x3,....., xn]P[x2, x3,....., xn] 
= P[x1| x2, x3,....., xn]P[x2|x3,....., xn]....P[xn-1|xn]P[xn]. 
In general for each variable Xi, we can write the equation as: 
P(Xi|Xi-1,........., X1) = P(Xi |Parents(Xi )) 
Explanation of Bayesian network: 
Let's understand the Bayesian network through an example by creating a 
directed acyclic graph:  
Example: Harry installed a new burglar alarm at his home to detect burglary. 
The alarm reliably responds at detecting a burglary but also responds for minor 
earthquakes. Harry has two neighbors David and Sophia, who have taken a 
responsibility to inform Harry at work when they hear the alarm. David always 
calls Harry when he hears the alarm, but sometimes he got confused with the 
phone ringing and calls at that time too. On the other hand, Sophia likes to listen 
to high music, so sometimes she misses to hear the alarm. Here we would like to 
compute the probability of Burglary Alarm. 
Problem: 
Calculate the probability that alarm has sounded, but there is neither a 
burglary, nor an earthquake occurred, and David and Sophia both called 
the Harry. 
Solution: 
o The Bayesian network for the above problem is given below. The network 
structure is showing that burglary and earthquake is the parent node of the 
alarm and directly affecting the probability of alarm's going off, but David and 
Sophia's calls depend on alarm probability. 



o The network is representing that our assumptions do not directly perceive 
the burglary and also do not notice the minor earthquake, and they also not 
confer before calling. 
o The conditional distributions for each node are given as conditional 
probabilities table or CPT. 
o Each row in the CPT must be sum to 1 because all the entries in the table 
represent an exhaustive set of cases for the variable. 
o In CPT, a boolean variable with k boolean parents contains 2K probabilities. 
Hence, if there are two parents, then CPT will contain 4 probability values 
List of all events occurring in this network: 
o Burglary (B) 
o Earthquake(E) 
o Alarm(A) 
o David Calls(D) 
o Sophia calls(S) 
We can write the events of problem statement in the form of probability: P[D, S, 
A, B, E], can rewrite the above probability statement using joint probability 
distribution: 
P[D, S, A, B, E]= P[D | S, A, B, E]. P[S, A, B, E] 
=P[D | S, A, B, E]. P[S | A, B, E].P[A, B, E] 
= P [D| A]. P [ S| A, B, E]. P[ A, B, E] 
= P[D | A]. P[ S | A]. P[A| B, E]. P[B, E] 
= P[D | A ]. P[S | A].P[A| B, E]. P[B |E]. P[E] 
Let's take the observed probability for the Burglary and earthquake component: 
P(B= True) = 0.002, which is the probability of burglary. 
P(B= False)= 0.998, which is the probability of no burglary. 
P(E= True)= 0.001, which is the probability of a minor earthquake 
P(E= False)= 0.999, Which is the probability that an earthquake not occurred. 
We can provide the conditional probabilities as per the below tables: 

 
Conditional probability table for Alarm A: 
The Conditional probability of Alarm A depends on Burglar and earthquake: 



B E P(A= True) P(A= False) 

True True 0.94 0.06 

True False 0.95 0.04 

False True 0.31 0.69 

False False 0.001 0.999 

Conditional probability table for David Calls: 
The Conditional probability of David that he will call depends on the probability 
of Alarm. 

A P(D= True) P(D= False) 

True 0.91 0.09 

False 0.05 0.95 

Conditional probability table for Sophia Calls: 
The Conditional probability of Sophia that she calls is depending on its Parent 
Node "Alarm." 

A P(S= True) P(S= False) 

True 0.75 0.25 

False 0.02 0.98 

From the formula of joint distribution, we can write the problem statement in the 
form of probability distribution: 
P(S, D, A, ¬B, ¬E) = P (S|A) *P (D|A)*P (A|¬B ^ ¬E) *P (¬B) *P (¬E). 
= 0.75* 0.91* 0.001* 0.998*0.999= 0.00068045. 
Hence, a Bayesian network can answer any query about the domain by 
using Joint distribution.The semantics of Bayesian Network: 
There are two ways to understand the semantics of the Bayesian network, which 
is given below: 
1. To understand the network as the representation of the Joint probability 
distribution. 
It is helpful to understand how to construct the network. 



2. To understand the network as an encoding of a collection of conditional 
independence statements. 
It is helpful in designing inference procedure. 
 
4. Consider the given dataset,Apply Naive Bayes Algorithm and predict that 

if a fruit has the following properties then which type of the fruit it 

Fruit={Yellow, Sweet,Long}                          (13) 

Frequency Table:- 

Fruit Yellow Sweet Long Total 
Mango 350 450 0 650 
Banana 400 300 350 400 
Others 50 100 50 150 
Total 800 850 400 1200 
Soln:- 

P(A|B) = (P(B|A) * P(A) )/ P(B) 

1. Mango: 
P(X | Mango) = P(Yellow | Mango) * P(Sweet | Mango) * P(Long | Mango) 

1. a) P(Yellow | Mango) = (P(Yellow | Mango) * P(Yellow) )/ P (Mango) 
= ((350/800) * (800/1200)) / (650/1200) 

P(Yellow | Mango)= 0.53 →1 

 

1.b) P(Sweet | Mango) = (P(Sweet | Mango) * P(Sweet) )/ P (Mango) 

= ((450/850) * (850/1200)) / (650/1200) 

P(Sweet | Mango)= 0.69 → 2 

1. c) P(Long | Mango) = (P(Long | Mango) * P(Long) )/ P (Mango) 
= ((0/650) * (400/1200)) / (800/1200) 

P(Long | Mango)= 0 → 3 

On multiplying eq 1,2,3 ==> P(X | Mango) = 0.53 * 0.69 * 0 
P(X | Mango) = 0 
2. Banana: 

P(X | Banana) = P(Yellow | Banana) * P(Sweet | Banana) * P(Long | Banana) 

2.a)  P(Yellow | Banana) = (P( Banana | Yellow ) * P(Yellow) )/ P (Banana) 

= ((400/800) * (800/1200)) / (400/1200) 

P(Yellow | Banana) = 1 → 4 

2.b) P(Sweet | Banana) = (P( Banana | Sweet) * P(Sweet) )/ P (Banana) 

= ((300/850) * (850/1200)) / (400/1200) 

P(Sweet | Banana) = .75→ 5 



2.c) P(Long | Banana) = (P( Banana | Yellow ) * P(Long) )/ P (Banana) 

= ((350/400) * (400/1200)) / (400/1200) 

P(Yellow | Banana) = 0.875 → 6 

 

On multiplying eq 4,5,6 ==> P(X | Banana) = 1 * .75 * 0.875 
P(X | Banana) = 0.6562 
3. Others: 

P(X | Others) = P(Yellow | Others) * P(Sweet | Others) * P(Long | Others) 

3.a) P(Yellow | Others) = (P( Others| Yellow ) * P(Yellow) )/ P (Others) 

= ((50/800) * (800/1200)) / (150/1200) 

P(Yellow | Others) = 0.34→ 7 

3.b) P(Sweet | Others) = (P( Others| Sweet ) * P(Sweet) )/ P (Others) 

= ((100/850) * (850/1200)) / (150/1200) 

P(Sweet | Others) = 0.67 → 8 

3.c) P(Long | Others) = (P( Others| Long) * P(Long) )/ P (Others) 

= ((50/400) * (400/1200)) / (150/1200) 

P(Long | Others) = 0.34 → 9 

On multiplying eq 7,8,9 ==> P(X | Others) = 0.34 * 0.67* 0.34 
P(X | Others) = 0.07742 
So finally from P(X | Mango) == 0 , P(X | Banana) == 0.65 and P(X| Others) == 

0.07742. 

We can conclude Fruit{Yellow,Sweet,Long} is Banana. 

 

5. Discuss Maximum Likelihood Hypotheses For Predicting Probabilities   

                    (13) 

Soln:- 

 The maximum likelihood hypothesis is the one that minimizes the sum of 
squared errors over the training examples. In this section we derive an analogous 
criterion for a second setting that is common in neural network learning: 
learning to predict probabilities.  
 Consider the setting in which we wish to learn a nondeterministic 
(probabilistic) function f : X -+ {0, 1}, which has two discrete output values.  
How can we learn f' using, say, a neural network?  
Bruteforce way would be to first collect the observed frequencies of 1's and 0's 
for each possible value of x and to then train the neural network to output the 
target frequency for each x. As we shall see below, we can instead train a neural 



network directly from the observed training examples of f, yet still derive a 
maximum likelihood hypothesis for f '. 
What criterion should we optimize in order to find a maximum likelihood 
hypothesis for f' in this setting? 
 To answer this question we must first obtain an expression for P(D|h). Let us 
assume the training data D is of the form D = {(xl, dl) . . . (xm, dm)}, where di is 
the observed 0 or 1 value for f (xi).  
Recall that in the maximum likelihood, least-squared error analysis of the 
previous section, we made the simplifying assumption that the instances (xl . . . 
xm,) were fixed. This enabled us to characterize the data by considering only the 
target values di.  Although we could make a similar simplifying assumption in 
this case, let us avoid it here in order to demonstrate that it has no impact on the 
final outcome. Thus treating both xi and di as random variables, and assuming 
that each training example is drawn independently, we can write   P(D|h)  as  

 
It is reasonable to assume, furthermore, that the probability of encountering any 
particular instance xi  is independent of the hypothesis h. For example, the 
probability that our training set contains a particular patient xi is independent of 
our hypothesis about survival rates (though of course the survival d, of the 
patient does depend strongly on h). When x is independent of h we can rewrite 
the above expression as 

-eqn-1 
Now what is the probability P(dilh, xi) of observing di = 1 for a single instance xi, 
given a world in which hypothesis h holds? Recall that h is our hypothesis 
regarding the target function, which computes this very probability.  
Therefore, P(di = 1 1 h, xi) = h(xi), and in general  

                  -    eqn-2 
In order to substitute this into the eqn-1 for P(Dlh), let us first " re-express it in a 
more mathematically manipulable form, as 

                                     - eqn-3 
 I' It is easy to verify that the expressions in eqn-2  and eqn-3 are equivalent. 
Notice that when di = 1, the second term from eqn-3, ( 1 - h(xi))'-", becomes 
equal to 1. Hence P(di = llh,xi) = h(xi), which is equivalent to the first case in eqn -
2. A similar analysis shows that the two equations are also equivalent when di = 
0. 



6. Discuss Minimum Description Length Principle                                 (13) 

Soln:- 

We consider a Bayesian perspective on this issue and a closely related principle 
called the Minimum Description Length (MDL) principle. 
The Minimum Description Length principle is motivated by interpreting the 
definition of hMAP the light of basic concepts from information theory. Consider 
again the now familiar definition of hMAP.  

 
 which can be equivalently expressed in terms of maximizing the log2,  

 
or alternatively, minimizing the negative of this quantity  

-Equation-1 
Consider the problem of designing a code to transmit messages drawn at 
random, where the probability of encountering message i is pi. To minimize the 
expected code length we should assign shorter codes to messages that are more 
probable. Shannon and Weaver (1949) showed that the optimal code (i.e., the 
code that minimizes the expected message length) assigns - log, pi bitst to encode 
message i . We will refer to the number of bits required to encode message i 
using code C as the description length of message i with respect to C, which we 
denote by Lc(i).  
 
Let us interpret Equation (6.16) in light of the above result from coding theory. 

o log, P(h) is the description length of h under the optimal encoding for 

the hypothesis space H. In other words, this is the size of the 

description of hypothesis h using this optimal representation. In our 

notation, LC, (h)   

o - log, P(h), where CH is the optimal code for hypothesis space H. 

o  -log2 P(D1h) is the description length of the training data D given 

hypothesis h, under its optimal encoding. In our notation, Lc,,,(Dlh) = 

- log, P(Dlh) , where C D ,is~ t he optimal code for describing data D 

assuming that both the sender and receiver know the hypothesis h. 

Therefore we can rewrite Equation 1 to show that hMAPis the hypothesis h that 
minimizes the sum given by the description length of the hypothesis plus the 
description length of the data given the hypothesis. 

 



where CH and C D/h are the optimal encodings for H and for D given h, 
respectively. 
 
The Minimum Description Length (MDL) principle recommends choosing the 
hypothesis that minimizes the sum of these two description lengths.  
Assuming we use the codes C1 and CZ to represent the hypothesis and the data 
given the hypothesis, we can state the MDL principle as 1'  
              Minimum Description Length principle: Choose hMDL  where 

 
The above analysis shows that if we choose C1 to be the optimal encoding of 
hypotheses CH, and if we choose C2 to be the optimal encoding CDlh then  
     hMDL= hMAP. 

 

 

7. Discuss  Expectation –Maximization(EM) ALGORITHM   (13) 

Soln:-In the real-world applications of machine learning, it is very common that 

there are many relevant features available for learning but only a small subset of 

them are observable. So, for the variables which are sometimes observable and 

sometimes not, then we can use the instances when that variable is visible is 

observed for the purpose of learning and then predict its value in the instances 

when it is not observable. 

On the other hand, Expectation-Maximization algorithm can be used for the 
latent variables (variables that are not directly observable and are actually 
inferred from the values of the other observed variables) too in order to predict 
their values with the condition that the general form of probability distribution 
governing those latent variables is known to us.  
This algorithm is actually at the base of many unsupervised clustering algorithms 
in the field of machine learning. 
It is used to find the local maximum likelihood parameters of a statistical model in 
the cases where latent variables are involved and the data is missing or 
incomplete. 
 Algorithm: 
1. Given a set of incomplete data, consider a set of starting parameters. 
2. Expectation step (E – step): Using the observed available data of the dataset, 
estimate (guess) the values of the missing data. 
3. Maximization step (M – step): Complete data generated after the expectation 
(E) step is used in order to update the parameters. 
4. Repeat step 2 and step 3 until convergence. 



 

The essence of Expectation-Maximization algorithm is to use the available 
observed data of the dataset to estimate the missing data and then using that 
data to update the values of the parameters. Let us understand the EM algorithm 
in detail. 

 Initially, a set of initial values of the parameters are considered. A set of 
incomplete observed data is given to the system with the assumption that the 
observed data comes from a specific model. 
 The next step is known as “Expectation” – step or E-step. In this step, we use the 
observed data in order to estimate or guess the values of the missing or 
incomplete data. It is basically used to update the variables. 
 The next step is known as “Maximization”-step or M-step. In this step, we use 
the complete data generated in the preceding “Expectation” – step in order to 
update the values of the parameters. It is basically used to update the hypothesis. 
 Now, in the fourth step, it is checked whether the values are converging or not, 
if yes, then stop otherwise repeat step-2 and step-3 i.e. “Expectation” – step and 
“Maximization” – step until the convergence occurs. 
 
Flow chart for EM algorithm – 
 

 
Usage of EM algorithm – 
 It can be used to fill the missing data in a sample. 
 It can be used as the basis of unsupervised learning of clusters. 



 It can be used for the purpose of estimating the parameters of Hidden Markov 
Model (HMM). 
 It can be used for discovering the values of latent variables. 
Advantages of EM algorithm – 
 It is always guaranteed that likelihood will increase with each iteration. 
 The E-step and M-step are often pretty easy for many problems in terms of 
implementation. 
 Solutions to the M-steps often exist in the closed form. 
Disadvantages of EM algorithm – 
 It has slow convergence. 
 It makes convergence to the local optima only. 
 It requires both the probabilities, forward and backward (numerical 
optimization requires only forward probability). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 


