UNIT 4
STATE SPACE SEARCH ALGORITHMS
Backtracking
N queen Problem
N - Queens problem is to place n - queens in such a manner on an n x n chessboard that no queens
attackeach other by being in the same row, column or diagonal.

It can be seen that for n =1, the problem has a trivial solution, and no solution exists for n =2 and
n =3. Sofirst we will consider the 4 queens problem and then generate it to n - queens problem.

Given a 4 x 4 chessboard and number the rows and column of the chessboard 1 through 4.
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4x4 chessboard

Since, we have to place 4 queens such as q1 q2 q3 and g4 on the chessboard, such that no two queens
attack each other. In such a conditional each queen must be placed on a different row, i.e., we put
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queen 1 on row 1.

Now, we place queen q; in the very first acceptable position (1, 1). Next, we put queen g2 so that both
these queens do not attack each other. We find that if we place g2 in column 1 and 2, then the dead
end is encountered. Thus the first acceptable position for g in column 3, i.e. (2, 3) but then no
position is left for placing queen 'q3' safely. So we backtrack one step and place the queen 'q2' in (2,
4), the next best possible solution. Then we obtain the position for placing 'qs' which is (3, 2). But
later this position also leads to adead end, and no place is found where 'q4' can be placed safely.
Then we have to backtrack till 'q;' and place it to (1, 2) and then all other queens are placed safely by
moving gz to (2, 4), g3 to (3, 1) and q4 to (4, 3). That is, we get the solution (2, 4, 1, 3). This is
one possible solution for the 4-queens problem. For anotherpossible solution, the whole method is
repeated for all partial solutions. The other solutions for 4 - queens problems is (3, 1, 4, 2) i.e.
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The implicit tree for 4 - queen problem for a solution (2, 4, 1, 3) is as follows:

Fig shows the complete state space for 4 - queens problem. But we can use backtracking method to
generatethe necessary node and stop if the next node violates the rule, i.e., if two queens are attacking.
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4 - Queens solution space with nodes numbered in DFS

It can be seen that all the solutions to the 4 queens problem can be represented as 4 - tuples (xi1, X2, X3, X4)

where x; represents the column on which queen "qg;" is placed.

One possible solution for 8 queens problem is shown in fig:



2 qz

3 Ll

5 s

6| Qe

7 Oz

8 s

1. Thus, the solution for 8 -queen problem for (4,6, 8,2, 7,1, 3, 5).

2. Iftwo queens are placed at position (i, j) and (k, 1).

3. Thenthey are on same diagonalonly if (i-j)=k-lori+j=k+1.

4. The first equation implies that j-1=i-k.

5. The second equation implies thatj-l=k-i.

6. Therefore, two queens lie on the duplicate diagonal if and only if |j-1|=]i-k|

Place (k, i) returns a Boolean value that is true if the kth queen can be placed in column i. It tests both
whether i is distinct from all previous costs xi, Xa,....X.1 and whether there is no other queen on the same
diagonal.

Using place, we give a precise solution to then n- queens problem.

1. Place (k, i)

2. {

3. Forj &< 1tok-1

4, doif (x[j]=1)

5. or (Abs x [j1) - i) = (Abs (j - k))
6. then return false;

7. return true;

8.}
Place (k, i) return true if a queen can be placed in the kth row and ith column otherwise return is false.
x [] is a global array whose final k - 1 values have been set. Abs (r) returns the absolute value of r.

1. N - Queens (k, n)2.

{

3 Fori< 1lton

4. doif Place (k, i) then5.
{

6. x [k] €« i;

7. if (k ==n) then

8. write (x [1....n));

9. else

10. N - Queens (k + 1, n);

11. '}

12.}



Hamiltonian Circuit

The Hamiltonian cycle is the cycle in the graph which visits all the vertices in graph exactly once and
terminates at the starting node. It may not include all the edges

The Hamiltonian cycle problem is the problem of finding a Hamiltonian cycle in a graph if there exists
any such cycle.

The input to the problem is an undirected, connected graph. For the graph shown in Figure (a), a
path A—B—E—-D - C- A forms a Hamiltonian cycle. It visits all the vertices exactly once, but does
not visit the edges <B, D>.

The Hamiltonian cycle problem is also both, decision problem and an optimization problem. A
decision problem is stated as, “Given a path, is it a Hamiltonian cycle of the graph?”.

The optimization problem is stated as, “Given graph G, find the Hamiltonian cycle for the graph.”

We can define the constraint for the Hamiltonian cycle problem as follows:

= 1stand (n—1)th vertex must be adjacent (nth of cycle is the initial vertex itself).
= Vertex i must not appear in the first (i — 1) vertices of any path.

With the adjacency matrix representation of the graph, the adjacency of two vertices can be verified
in constant time.

Algorithm

HAMILTONIAN (i)

// Description : Solve Hamiltonian cycle problem using backtracking.
// Input : Undirected, connected graph G =<V, E> and initial vertex i
// Output : Hamiltonian cycle

if

FEASIBLE(i)

then
if

(i==n-

then

1)

Print V[0... n—1]

else
j€2
while
(isn)
do



VI[i] ¢ j HAMILTONIAN(i + 1)
jéj+1end
endend
function
FEASIBLE(i)
flag <1
for
jé<1ltoi—-1
doif
Adjacent(Vi, Vj)
then
flag <0

endend if
Adjacent (Vi, Vi-1)
then

flag < 1
else

flag < 0
end
return
flag

Complexity Analysis

Looking at the state space graph, in worst case, total number of nodes in tree would be,
Tn)=1+(n-1)+(n-12+(n—=-1>%+..+(n=-1)""1

=frac(n-1)n-1n-2

T(n) = O(n"). Thus, the Hamiltonian cycle algorithm runs in exponential time.

Example: Find the Hamiltonian cycle by using the backtracking approach for a given graph.

The backtracking approach uses a state-space tree to check if there exists a Hamiltonian cycle in the graph.
Figure (g) shows the simulation of the Hamiltonian cycle algorithm. For simplicity, we have not explored all



possible paths, the concept is self-explanatory. It is not possible to include all the paths in the graph, so few
of the successful and unsuccessful paths are traced in the graph. Black nodes indicate the Hamiltonian cycle.

Subset Sum Problem

Sum of Subsets Problem: Given a set of positive integers, find the combination of numbers that sum to given
value M.

Sum of subsets problem is analogous to the knapsack problem. The Knapsack Problem tries to fill the
knapsack using a given set of items to maximize the profit. Items are selected in such a way that the total
weight in the knapsack does not exceed the capacity of the knapsack. The inequality condition in the
knapsack problem is replaced by equality in the sum of subsets problem.

Given the set of n positive integers, W = {w1, w2, ..., wn}, and given a positive integer M, the sum of the
subset problem can be formulated as follows (where wi and M correspond to item weights and knapsack
capacity in the knapsack problem):

sum}_wix; = M
Where,

x;zn0, 1
Numbers are sorted in ascending order, such that w; < w, < w3 < .... < w,. The solution is often represented
using the solution vector X. If the ith item is included, set xi to 1 else set it to 0. In each iteration, one item is
tested. If the inclusion of an item does not violet the constraint of the problem, add it. Otherwise, backtrack,
remove the previously added item, and continue the same procedure for all remaining items. The solution is
easily described by the state space tree. Each left edge denotes the inclusion of wi and the right edge
denotes the exclusion of w;. Any path from the root to the leaf forms a subset. A state-space tree forn =3 is
demonstrated in Fig. (a).

Fig. (a): State space tree forn =3

Algorithm for Sum of subsets
The algorithm for solving the sum of subsets problem using recursion is stated below:

Examples

Ex) n=4, (wy,Wz,W3,wWa)=(7,11,13,24) and m=31
Solution Veetor=[(x[1l,x[2],x[3),x[4])

[0, 1,85 |
N
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Graph Colouring

In this problem, an undirected graph is given. There is also provided m colors. The problem is to find if it is
possible to assign nodes with m different colors, such that no two adjacent vertices of the graph are of the
same colors. If the solution exists, then display which color is assigned on which vertex.

Starting from vertex 0, we will try to assign colors one by one to different nodes. But before assigning, we
have to check whether the color is safe or not. A color is not safe whether adjacent vertices are containing
the same color.

Input and Output

Input:

The adjacency matrix of a graph G(V, E) and an integer m, which indicates the maximum number of colors
that can be used.

G |
_ O =
O = 0O =

1
0
1
0

Let the maximum color m = 3.

Output:

This algorithm will return which node will be assigned with which color. If the solution is not possible, it will
return false.

For this input the assigned colors are:

Node 0 -> color 1

Node 1 -> color 2

Node 2 -> color 3

Node 3 -> color 2

Algorithm

isValid(vertex, colorlist, col)

Input - Vertex, colorList to check, and color, which is trying to assign.
Output - True if the color assigning is valid, otherwise false.

Begin

for all vertices v of the graph, do
if there is an edge between v and i, and col = colorList[i], then
return false
done
return true
End



X3=1

graphColoring(colors, colorList, vertex)
Input - Most possible colors, the list for which vertices are colored with which color, and
the starting vertex.
Output - True, when colors are assigned, otherwise false.
Begin
if all
vertices
are
checked,
then
return
true
for all colors col
from available
colors, doif
isValid(vertex,
color, col), then
add col to the colorlList for vertex
if graphColoring(colors, colorList,
vertex+1) = true, thenreturn true
re
move
color
for
vertex
done
return false

A 4-node graph and all possible 3-colorings

End

Branch and Bound

Solving 15 puzzle Problem (LCBB)
The problem cinsist of 15 numbered (0-15) tiles on a square box with 16 tiles(one
tile is blank or empty).The objective of this problem is to change the arrangement



of initial node to goal node by using series oflegal moves.
The Initial and Goal node arrangement is shown by following figure.

graphColoring(colors, colorList, vertex)
Input — Most possible colors, the list for which vertices are colored with which color, and
the starting vertex.
Output - True, when colors are assigned, otherwise false.
Begin
if all
vertices
are
checked,
then
return
true
for all colors col
from available
colors, doif
isValid(vertex,
color, col), then
add col to the colorlList for vertex
if graphColoring(colors, colorlList,
vertex+1) = true, thenreturn true
re
move
color
for
vertex
done
return false

End

Branch and Bound

Solving 15 puzzle Problem (LCBB)

The problem cinsist of 15 numbered (0-15) tiles on a square box with 16 tiles(one
tile is blank or empty).The objective of this problem is to change the arrangement
of initial node to goal node by using series oflegal moves.

The Initial and Goal node arrangement is shown by following figure.



1 2 4 15 1 2 3 4
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Initial Arrangement Final Arrangement

In initial node four moves are possible. User can move any one of the tile like 2,0r 3, or
5, or 6 to the emptytile. From this we have four possibilities to move from initial node.
The legal moves are for adjacent tile number is left, right, up, down, ones at a time.
Each and every move creates a new arrangement, and this arrangement is called state
of puzzle problem. By using different states, a state space tree diagram is created, in
which edges are labeled according to thedirection in which the empty space moves.

The state space tree is very large because it can be 16! Different arrangements.
In state space tree, nodes are numbered as per the level. In each level we

must calculate the valueor cost of each node by using given formula:
Clx)=f(x)+g(x),

f(x) is length of path from root or initial node to node x,

g(x) is estimated length of path from x downward to the goal node. Number

of non blank tile not intheir correct position.

C(x)< Infinity.(initially set bound).

Each time node with smallest cost is selected for further expansion

towards goal node. This nodebecome the e-node.

State Space tree with node cost is shown in diagram.

Assignment Problem
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Problem Statement

Let’s first define a job assignment problem. In a standard version of a job

assignment problem, therecan be jobs and
workers. To keep it simple, we're taking jobs and
workers in our example:

| Job 1 Job2 Job3|

Al9 3 4
B |7 8 1
C |10 5 | 2 |

We can assign any of the available jobs to any worker with the condition that
if a job is assigned to aworker, the other workers can’t take that particular job.
We should also notice that each job has some cost associated with it, and it
differs from one worker to another.

Here the main aim is to complete all the jobs by assigning one job to each
worker in such a way thatthe sum of the cost of all the jobs should be
minimized.

Branch and Bound Algorithm Pseudocode

Now let’s discuss how to solve the job assignment problem using a branch

and bound algorithm.Let’s see the pseudocode first:

Algorithm 1: Job Assignment Problem Using Branch And Bound

Data: Input cost matrix M/
Result: Assignment of jobs to each worker according to optimal
cost
Function MinCost(M/]/]]
while True do
E = LeastCost();
if ¥ is a leaf node then

printf ),
return:
end
for each child § of F do
Add(5);
S — parent = E
end
end

Here, is the input cost matrix that contains information like the number
of available jobs, a list of available workers, and the associated cost for each
job. The function MinCost() maintains a list of active nodes. The function
Leastcost() calculates the minimum cost of the active node at each level of the
tree. After finding the node with minimum cost, we remove the node from the
list of active nodes and return it.

We're using the add() function in the pseudocode, which calculates the cost of
a particular node andadds it to the list of active nodes.

In the search space tree, each node contains some information, such as cost, a
total number of jobs,as well as a total number of workers.

Now let’s run the algorithm on the sample example we’ve created:



Level O Root

A=Job3
Lavel Cost=16
Level 2
Level 3
Advantages

In a branch and bound algorithm, we don’t explore all the nodes in the

tree. That’s why the timecomplexity of the branch and bound algorithm

is less when compared with other algorithms.

If the problem is not large and if we can do the branching in a reasonable
amount of time, it finds anoptimal solution for a given problem.

The branch and bound algorithm find a minimal path to reach the

optimal solution for a givenproblem. It doesn’t repeat nodes while
exploring the tree.

Disadvantages

The branch and bound algorithm are time-consuming. Depending on the size
of the given problem,the number of nodes in the tree can be too large in the
worst case.

Knapsack Problem using branch and bound

Problem Statement

We are a given a set of n objects which have each have a value v;and a
weight wi. The objective ofthe 0/1 Knapsack problem is to find a subset of
objects such that the total value is maximized, and

Initially, we've 3 jobs available. The worker A has the option to take any of the available jobs. So at
level 1, we assigned all the available jobs to the worker 4 and calculated the cost. We can see that
when we assighed jobs 2 to the worker A, it gives the lowest cost in level 1 of the search space tree.
So we assign the job 2 to worker A and continue the algorithm. “Yes” indicates that this is
currently optimal cost.

After assigning the job 2 to worker A, we still have two open jobs. Let's consider worker B now.
We're trying to assign either job 1 or 3 to worker B to obtain optimal cost.

Either we can assign the job 1 or 3 to worker B. Again we check the cost and assign job 1 to
worker B as it is the lowest in level 2.

Finally, we assign the job 3 to worker (’, and the optimal cost is 12.



the sum of weights of the objects does not exceed a given threshold W. An
important condition hereis that one can either take the entire object or leave
it. It is not possible to take a fraction of the object.

Consider an example where n = 4, and the values are given by {10, 12, 12,
18}and the weights givenby {2, 4, 6, 9}. The maximum weight is given by W =
15. Here, the solution to the problem will be including the first, third and the
fourth objects.

Here, the procedure to solve the problem is as follows are:

e Calculate the cost function and the Upper bound for the two
children of each node. Here,the (i + 1)™" level indicates whether the
it object is to be included or not.

e If the cost function for a given node is greater than the upper bound,
then the node need not be explored further. Hence, we can kill this
node. Otherwise, calculate the upper bound for this node. If this value
is less than U, then replace the value of U with this value. Then, killall
unexplored nodes which have cost function greater than this value.

e The next node to be checked after reaching all nodes in a particular
level will be the one withthe least cost function value among the
unexplored nodes.

¢ While including an object, one needs to check whether the adding
the object crossed thethreshold. If it does, one has reached the
terminal point in that branch, and all the succeeding objects will
not be included.

Time and Space Complexity

Even though this method is more efficient than the other solutions to this
problem, its worst case time complexity is still given by O(2"), in cases where
the entire tree has to be explored. However, inits best case, only one path
through the tree will have to explored, and hence its best case time
complexity is given by O(n). Since this method requires the creation of the
state space tree, itsspacecomplexity will also be exponential.

Solving an Example

Consider the problem with n =4,V ={10, 10, 12, 18}, w={2, 4, 6,9} and W =
15. Here, we calculatethe initital upper bound tobe U=10+ 10+ 12 = 32.
Note that the 4th object cannot be included here, since that would exceed
W. For the cost, we add 3/9 ™ of the final value, and hence the cost function
is 38. Remember to negate the values after calculation before comparison.
After calculating the cost at each node, kill nodes that do not need exploring.
Hence, the final statespace tree will be as follows (Here, the number of the
node denotes the order in which the state space tree was explored):
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Note here that node 3 and node 5 have been killed after updating U at node 7.
Also, node 6 is not explored further, since adding any more weight exceeds the
threshold. At the end, only nodes 6 and 8 remain. Since the value of U is less
for node 8, we select this node. Hence the solutioniis {1, 1, 0, 1},and we can
see here that the total weight is exactly equal to the threshold value in this
case.

Travelling salesman problem
= Travelling Salesman Problem (TSP) is an interesting problem. Problem
is defined as “given ncities and distance between each pair of cities,
find out the path which visits each city exactly once and come back to
starting city, with the constraint of minimizing the travelling
distance.”
= TSP has many practical applications. It is used in network design,
and transportation routedesign. The objective is to minimize the
distance. We can start tour from any random city and visit other
cities in any order. With n cities, n! different permutations are
possible. Exploring all paths using brute force attacks may not be
useful in real life applications.
LCBB using Static State Space Tree for Travelling Salseman Problem
= Branch and bound is an effective way to find better, if not best,
solution in quick time bypruning some of the unnecessary
branches of search tree.
= It works as follow:
Consider directed weighted graph G = (V, E, W), where node
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represents cities and weighteddirected edges represents direction and
distance between two cities.
1. Initially, graph is represented by cost matrix C, where

Cij = cost of edge, if there is a direct

path from city i to city jCj = oo, if

there is no direct path from city i to city

j.
2. Convert cost matrix to reduced matrix by subtracting minimum values
from appropriate rowsand columns, such that each row and column
contains at least one zero entry.

3. Find cost of reduced matrix. Cost is given by summation of subtracted
amount from the costmatrix to convert it in to reduce matrix.
4. Prepare state space tree for the reduce matrix
5. Find least cost valued node A (i.e. E-node), by computing reduced cost
node matrix with everyremaining node.
6. If<i, j>edge is to be included, then do following :
a) Setall valuesin row iand all values in column j of A to o=
b) SetA[j,1]=o°
¢) Reduce A again, except rows and columns having all e entries.
7. Compute the cost of newly
created reduced matrix as,Cost = L
+ Cost(i, j) +r
Where, Lis cost of original reduced cost matrix and r is A[i, j].
8. Ifall nodes are not
visited then go to step 4.
Reduction procedure is
described below :
Raw Reduction:
Matrix M is called reduced matrix if each of its row and column has at least
one zero entry or entirerow or entire column has o= value. Let M represents
the distance matrix of 5 cities. M can be reduced as follow:
Mgrowred = {Mij—min {M; | 1 <
j £ n, and M < == }}Consider
the follewingodisdéncélmatdix:

(
(
(

15| o | 16| 4 | 2
M=|3|5]w|2]4
196 18] w | 3

16| 4| 7 |16 =

Find the minimum element from each row and subtract it from each cell of matrix.

w [20]30(10| 11| —>10
I5| o |16 4| 2| 52
3|5 || 24| 52
1916 |18 @ | 3| =3
6| 4|7 16| o | >4




Reduced matrix would be:

w 10120 0|1

13w | 14| 2|0
MRaned = | 3 o0 0 2
163 |15 |0

121 0|3 12| »

Row reduction cost is the summation of all the values

subtracted from each rows:Row reduction cost (M) =10 + 2
+2+3+4=21

Column reduction:

Matrix Mgowred is row reduced but not the column reduced. Matrix is called
column reduced if eachof its column has at least one zero entry or all o
entries.

Mcolred = {Mji—min {M; | 1<j<n, and Mji< o= }}
To reduced above matrix, we will find the minimum element from each
column and subtract it fromeach cell of matrix.

o 10120 0 | 1
13 oo | 14

(3]
(==

Mgowred = 1 3 o0 0 2

16 3 |15| o |0
12/0[3 12|
vl

1 0 3 0 0

Mcgu{m: 0 3 ¥ 0 2
1513 (12| o | O
1110 | 0|12

Each row and column of Mcored has at least one zero entry, so this

matrix is reduced matrix.Column reduction cost (M)=1+0+3+0+0

=4

State space tree for 5 city problem is depicted in Fig. 6.6.1. Number within
circle indicates the orderin which the node is generated, and number of edge
indicates the city being visited.



Example
Example: Find the solution of following travelling salesman problem
using branch and boundmethod.

oo |20 (3010 11

15| 0 [ 16| 4 | 2

Cost Matrix = 3 5 w | 2| 4
19| 6 | 18]« | 3
16| 4| 7|16 =

Solution:

The procedure for dynamic reduction is as follow:
Draw state space tree with optimal reduction cost at root node.
Derive cost of path from node i to j by setting all entries in it"

row and j" column as e=.Set M([j][i] = o=

Cost of corresponding node N for path i to j is summation of optimal
cost + reduction cost +M[j][i]

After exploring all nodes at level i, set node with minimum cost as

E node and repeat theprocedure until all nodes are visited.

Given matrix is not reduced. In order to find reduced matrix of it,
we will first find the rowreduced matrix followed by column
reduced matrix if needed. We can find row reduced matrix by
subtracting minimum element of each row from each element of
correspondingrow. Procedure is described below:

Reduce above cost matrix by subtracting minimum value from each row and
column.



w (2003010 11| 10 « (102010 |1

15 |o |16(4 (2 [ 2 13| (1412 |0

3 5|2 |42 =(1]3 |e|0|2

19 (6 |[18|w |3 [ 3 16(3 (15| |0

16(4 |7 |16 |— 4 12(0 |3 [12|
+ 4L b4l
10 3 00
M1

is not reduced matrix. Reduce it subtracting minimum value from
corresponding column. Doing thiswe get,

o [10[17] 0 |1
2| w|11]2]0
0[3]w|o0]2]=M
15:‘ 3 (12| =]o0
1| o|0]|12]w

Cost of My = C(1)

Row reduction cost + Column reduction cost

(10+42+2+3+4)+(1+3)=25

This means all tours in graph has length at least 25. This is the optimal cost of the path.
State space tree

(1) 25

® © 6

Let us find cost of edge from node 1 to 2, 3, 4, 5.
Select edge 1-2:

Set M,

(111]

=My []

(2] =

coSet

M [2]

[1]=

Reduce the resultant matrix if required.
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C.(2) = C(1) + Reduction cost + My [1] [2]

S

S
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=25+0+10=35

M,



Select edge 1-3
Set

M1

[11[]

=M

[103]

Set

M1

(31[1]

Reduce the resultant matrix if required.

oo loglon [ue el S e r-.
12| 11|2 |0 |—=0 l |o|w]|2 |0

0 || [0 (2|20 =3 |=|0 |2 (=M,
15(w| 12| (0| >0 413 |m|ew [0
I1{w|0 [12|c|—0 00 |oof12|m
[

110 x 0 0

Cost of node 3:
C(3) = C(1) + Reduction cost + M4[1] [3]
=25+11+17=53

Select edge 1-4:
Set

M1

[11[]

Mi[ ]

[4] =

Set

M1

[4][1]

Reduce resultant matrix if required.

o0 o o oD g — X
[2]w|11|x|0|=0
M=|0[3|[w|w|[2]s0 =M,
o | 3|12 0| =0
1110 0 || e >0
[ T O W |
0 0 0 x 0

Matrix
Mgy is
already



reduce

d.Cost

of node

4.

C(4) = C(1) + Reduction cost + My [1] [4]
=25+0+0=25
Select edge 1-5:
Set M4

(1] []

=M1 []

[5]=

ooSet

M; [5]

[1]=

Reduce the resultant matrix if required.

D (o] co | oD 00| —a XK oD (oD | oD | oD | el
12|0f 11| 2 |o0| > 2 10| 9|0 |«
M= 0|3|0|0|w|>0=|0]|3|x|0]|n=M
15/3(12| o0 |o0|—>3 12/10|9| |
©[0]0[12|0]>0 0/0/12|«
V44
000

Cost of node 5:

C(5) = C(1) + reduction cost + My [1] [5]
=25+5+1=31
State space diagram:

Node 4 has minimum cost for path 1-4. We can go to vertex 2, 3 or 5. Let’s explore all three
nodes.

Select path 1-4-2 : (Add edge 4-2)
Set My [1][] =

Ma [4][] = M4 []

[2] = eSet M, [2]

[1] = o

Reduce resultant matrix if required.



& | o .I"nfi.f_:-))(
o [e[11]w]0] =0
M= |0 |o|ow|w|2]s0 =M

1 oy | 0 | oo » 0
T 1
0 o 0
Matrix Me is already reduced. Cost of node
6:
C(6) = C(4) + Reduction cost + M, [4] [2]
=25+0+3=28

Select edge 4-3 (Path 1-4-3):
Set M4 [1][]=Ma
[4101=Ms[1[3]=

Set M [3][1] =

(o]

Reduce the resultant matrix if required.

o) 0 (oo |ocfee | —2>X 0 |o0 |00 (o0 e

M=12|w|x|x|(0|—=0 12|o0|w|w|0
o0 (3 |oo|on|2 |22 = |l |w|o =M
7

0 |oo|on|o0|m| —mw o0 |on|oo|oo|a

110 |eo|oo|oe| =0 11 0 |

) L

110 x 0

M7

is not reduced. Reduce it by subtracting 11 from column 1.

0 | oo | oo | oo | o
1 o oo | oo | O
M= |®|l|o|lw|2]|= M,

o | ol o0 ob

3

00 |||

Cost of node 7:

C(7) = C(4) + Reduction cost + M, [4] [3]
=25+2+11+12=50

Select edge 4-5 (Path 1-4-5):

o |0 a‘;—_cr;- .w_ — X ff_o’ w|w|w

12 || 11| en| o |— 11 1|oc|0|ow|wo

0|3||w|on| 20 =|0]|3|w|m|w|=M;

o |w|w|wlw| >x o0 [on| | 0|

-x-0.0 oofoo| =0 w[0[0] 0(.‘.
V4
000

M



o ™ 60 ¢ o m®

™ © O S

8
C(8) = C(4) + Reduction cost + M4 [4][5]
=25+11+0=36

State space tree

Path 1-4-2 leads to minimum cost. Let’s find the cost for two possible paths.




Add edge 2-3 (Path 1-4-2-3):

Set Mg [1][] = Mg [4][]=Ms [2][]
= Mg [][3] = o0
Set Mg [3][1] = oo
Reduce resultant matrix if required.

o0 | oD "J’.‘-;Cf; o =X oo | o oo | ol
o |oo|on|on|on| =X | o0 | oo oD | of
Ms=>| 0 |@|o0|0|2| >0 =|0|w|m|m|2(=M,
o0 (oo oo|oh|on| —3X o | o o0 | o
11|o0foo|ao|oo|— 11 10| o | oo
bbbl
0 x x; 2
Cost of node 9:
0| o | || w
o0 | o0 0 | o0 | o
"M =>|0|®|w|w|0 =M,
9
o0 | o 0 | 00 | @
0| o | oo | o

C(9) = C(6) + Reduction cost + Mg [2][3]
=28+11+2+11=52
Add edge 2-5 (Path 1-4-2-5):
Set Mg [1][1=Ms [4][] =

Me [2][ ] = M6 [ ][5] = e=Set

Mg [5][1] =

oo

Reduce resultant matrix if required.

o | oo |oo|o| o

o [ o0 | o0 | oo | o

M= |0 |0 |o0]|o0]| e
o0 | o0 | o0

0| o0 |0 0 | oo

Cost of node 10:

C(10) = C(6) + Reduction cost + Mg [2][5]

=28+0+0=28
State space tree



Add edge 5-3 (Path 1-4-2-5-3):

o0 oD | o0 O o0
o0 8 0 | o0 oo
e M10:> o D 0 D D _M!l
D o0 o0 o0 D
o | 00 | OO 0 2

Cost of node 11:
C(11) = C(10) + Reduction cost + Mg [5][3]
=28+0+0=28

State space tree:



So we can select any of the edge. Thus the final path includes the edges <3, 1>, <5, 3>,
<1, 4>, <4, 2>,
<2, 5>, that forms the path 1 -4 -2 —5 -3 — 1. This path has cost of 28
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