Unit 3
ALGORITHM DESIGN TECHNIQUES

Divide and Conquer Algorithm

A divide and conquer algorithm is a strategy of solving a large problem by
1. breaking the problem into smaller sub-problems
2. solving the sub-problems, and
3. combining them to get the desired output.

To use the divide and conquer algorithm, recursion is used.

How Divide and Conquer Algorithms Work?
Here are the steps involved:
1. Divide: Divide the given problem into sub-problems using recursion.
2. Conquer: Solve the smaller sub-problems recursively. If the subproblem is small
enough, then solve it directly.
3. Combine: Combine the solutions of the sub-problems that are part of the recursive
process to solve the actual problem.

Finding Maximum and Minimum

To find the maximum and minimum numbers in a given array numbers/] of size n, the
following algorithm can be used. First we are representing the naive method and then we
will present divide and conquer approach.

Naive Method

Naive method is a basic method to solve any problem. In this method, the maximum and
minimum number can be found separately. To find the maximum and minimum numbers,
the following straightforward algorithm can be used.

Algorithm: Max-Min-Element (numbers|[])

max := numbers|[1]
min := numbers|[1]
fori=2tondo
if numbers[i] > max then
max := numbers[i]
if numbers[i] < min then
min := numbers|i]
return (max, min)

Analysis

The number of comparison in Naive method is 2n - 2.

The number of comparisons can be reduced using the divide and conquer approach.
Following is the technique.

Divide and Conquer Approach

In this approach, the array is divided into two halves. Then using recursive approach
maximum and minimum numbers in each halves are found. Later, return the maximum of
two maxima of each half and the minimum of two minima of each half.

In this given problem, the number of elements in an array is y—x+1 , where y is greater thanor



equal to x.
Max—Min(x,y) will return the maximum and minimum values of an array numbers|[x...y].
Algorithm: Max - Min(x, y)

ify—x <1 then
return (max(numbers[x], numbers[y]), min((numbers[x], numbers[y]))
else
(max1, minl):= maxmin(x, |((X +y)/2)])
(max2, min2):= maxmin(|((x + y)/2) +
1)],y) return (max(maxl, max2), min(minl,
min2))Analysis
Let T(n) be the number of comparisons made by Max—Min(x,y), where the number of
elements n=y—x+1.

If T(n) represents the numbers, then the recurrence relation can be represented as

T(L%J)+T([%])+2 forn > 2
T(n)=14 1 forn =2
0 forn=1

Let us assume that 7 is in the form of power of 2. Hence, n = 2* where k is height of the
recursion tree.

So,

Compared to Naive method, in divide and conquer approach, the number of comparisons is
less. However, using the asymptotic notation both of the approaches are represented
by O(n).

Merge Sort

Merge Sort is one of the most popular sorting algorithms that is based on the principle
of Divide and Conquer Algorithm.

Here, a problem is divided into multiple sub-problems. Each sub-problem is solved
individually. Finally, sub-problems are combined to form the final solution.


https://www.programiz.com/dsa/sorting-algorithm
https://www.programiz.com/dsa/divide-and-conquer

Merge Sort example

Divide and Conquer Strategy

Using the Divide and Conquer technique, we divide a problem into subproblems. When the
solution to each subproblem is ready, we 'combine' the results from the subproblems to solve
the main problem.

Suppose we had to sort an array A. A subproblem would be to sort a sub-section of this
array starting at index p and ending at index r, denoted as A[p..r].

Divide

If q is the half-way point between p and r, then we can split the subarray A[p..r] into two
arrays A[p..q] and A[q+1, r].

Conquer

In the conquer step, we try to sort both the subarrays A[p..q] and A[q+1, r]. If we haven't yet
reached the base case, we again divide both these subarrays and try to sort them.

Combine

When the conquer step reaches the base step and we get two sorted
subarrays A[p..q] and A[g+1, r] for array A[p..r], we combine the results by creating a sorted
array A[p..r] from two sorted subarrays A[p..q] and A[q+1, r].

MergeSort Algorithm

The MergeSort function repeatedly divides the array into two halves until we reach a stage
where we try to perform MergeSort on a subarray of size 1 i.e. p==r.



After that, the merge function comes into play and combines the sorted arrays into larger
arrays until the whole array is merged.

MergeSort(A, p, 1):
ifp>r
return
q=(ptr)/2
mergeSort(A, p, q)
mergeSort(A, q+1, 1)
merge(A, p, g, 1)

void merge(int arr[], int p, int g, int r)

{

// Create L «— A[p..q] and M «
Algt+l.rlintnl =q-p+ 1;
intn2=r-q;
int L[nl], M[n2];
for (inti=0; 1 <nl;

i++)L[i] = arr[p + i];
for (int j = 0; j <n2;

JTHM[j] = arr[q + 1

+il;

// Maintain current index of sub-arrays and main array
int1i,j, k;

1=0;

j=0;

k=p;

// Until we reach either end of either L or M, pick larger among
// elements L and M and place them in the correct position at A[p..r]
while (1 <nl && j <n2)

{
if (L[i] <= MIj]
{
arr[k] = L[i];
i++;
}
else
{
arr[k] = M[j];
it
}
k++;
}

// When we run out of elements in either L or M,
// pick up the remaining elements and put in A[p..r]
while (i <nl)



arr[k] =
L[i];i++;
k++;

}
while (j <n2)
arr[k] = M[j];

it
k++;



Time Complexity

Best Case Complexity: O(n*log n)
Worst Case Complexity: O(n*log n)
Average Case Complexity: O(n*log
n)Dynamic Programming

Matrix Chain Multiplication

Dynamic programming is a method for solving optimization problems.

It is algorithm technique to solve a complex and overlapping sub-problems. Compute the
solutions to the sub-problems once and store the solutions in a table, so that they can be
reused (repeatedly) later.

Dynamic programming is more efficient then other algorithm methods like as Greedy
method, Divide and Conquer method, Recursion method, etc....

The real time many of problems are not solve using simple and traditional approach methods.
like as coin change problem , knapsack problem, Fibonacci sequence generating , complex
matrix multiplication....To solve using Iterative formula, tedious method , repetitionagain
and again it become a more time consuming and foolish. some of the problem it should be
necessary to divide a sub problems and compute its again and again to solve a

such kind of problems and give the optimal solution , effective solution the Dynamic
programming is needed...

Basic Features of Dynamic programming :-
e Get all the possible solution and pick up best and optimal solution.
e Work on principal of optimality.
e Define sub-parts and solve them using recursively.
e Less space complexity But more Time complexity.

o Dynamic programming saves us from having to recompute previously calculated sub-
solutions.

o Difficult to understanding.

We are covered a many of the real world problems.In our day to day life when we do
making coin change, robotics world, aircraft, mathematical problems like Fibonacci
sequence, simple matrix multiplication of more then two matrices and its multiplication
possibility is many more so in that get the best and optimal solution. NOW we can look
about one problem that is MATRIX CHAIN MULTIPLICATION PROBLEM.

Suppose, We are given a sequence (chain) (41, A2...... An) of n matrices to be multiplied,
andwe wish to compute the product (41A42.....An).We can evaluate the above expression
using the standard algorithm for multiplying pairs of matrices as a subroutine once we have
parenthesized it to resolve all ambiguities in how the matrices are multiplied together.
Matrix multiplication is associative, and so all parenthesizations yield the same product. For
example, if the chain of matrices is (41, A2, A3, A4) then we can fully parenthesize the
product (4142A43A44) in five distinct ways:

L:-(Al(A2(A3A4))),



2:-(A1((A2A3)A4)),
3:- (A1A2)(A3A4)),
4:-((A1(A2A3))A4),
5:-(((A1A2)A3)A4) .

We can multiply two matrices A and B only if they are compatible. the number of columns of
A must equal the number of rows of B. If A is a p x q matrix and B is a q X r matrix,the
resulting matrix C is a p X r matrix. The time to compute C is dominated by the number of
scalar multiplications is pqr. we shall express costs in terms of the number of scalar
multiplications.For example, if we have three matrices (A1,A2,A3) and its cost is
(10x100),(100x5),(5x500) respectively. so we can calculate the cost of scalar multiplication is
10*¥100*5=5000 if ((A1A2)A3), 10*5*500=25000 if (A1(A2A3)), and so on cost

calculation. Note that in the matrix-chain multiplication problem, we are not actually
multiplying matrices. Our goal is only to determine an order for multiplying matrices that
has the lowest cost.that is here is minimum cost is 5000 for above example .So problem is

we can perform a many time of cost multiplication and repeatedly the calculation is
performing. so this general method is very time consuming and tedious.So we can

apply dynamic programming for solve this kind of problem.

when we used the Dynamic programming technique we shall follow some steps.
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.

4. Construct an optimal solution from computed information.
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Dynamic
Programming

we have matrices of any of order. our goal is find optimal cost multiplication of
matrices.when we solve the this kind of problem using DP step 2 we can get

mfi, j| = min { m[i, k] + m[i+k , j| + pi-1*pk*pj } if i <j.... where p is dimension of matrix ,
i<k<j....

The basic algorithm of matrix chain multiplication:-

// Matrix A[i] has dimension dims[i-1] x dims[i] fori=1..n
MatrixChainMultiplication(int dims|[])

{

// length[dims] =n+ 1

n = dims.length - 1;

// m[1,j] = Minimum number of scalar multiplications(i.e., cost)
// needed to compute the matrix A[i]A[i+1]...A[j] = A[i..j]

/I ' The cost is zero when multiplying one matrix
for(i=1;i<=n;



i+H)mli, i] = 0;

for (len = 2; len <= n; len++){

// Subsequence lengths

fori=1;i<=n-len+1;

itt){j=i+len-1;

ml[i, j] = MAXINT;

for (k=i; k<=j-1; k++) {

cost = mfi, k] + m[k+1, j| + dims[i-1]*dims[k]*dims[j];
if (cost <mli, j])

fmli, j] = cost;

sli, j1 =k

// Index of the subsequence split that achieved minimal cost

- e e -

Example of Matrix Chain Multiplication

Example: We are given the sequence {4, 10, 3, 12, 20, and 7}. The matrices have size 4 x 10,
10x3,3x12,12x20,20x 7. We need to compute M [1,j], 0 <1, j<5. We know M [1,1] =0
forall 1.

1 2 3 4 5
0

-
i B W N =

0

Let us proceed with working away from the diagonal. We compute the optimal solution for
the product of 2 matrices.

Sequence: 4 10 3

HlH

7
. A P — » Position

VAV

In Dynamic Programming, initialization of every method done by ‘0’.So we initialize it
by “0’.It will sort out diagonally.

Matrix

We have to sort out all the combination but the minimum output combination is taken into
consideration.



Calculation of Product of 2 matrices:
I.m(1,2)=ml xm2
=4x10x 10x3
=4x10x3=120

2.m(2,3)=m2xm3
=10x3x 3x12
=10x3x12=360

3.m@3,4)=m3xm4
=3x12 x 12x20
=3x12x20=720

4.m (4,5) =m4 x m5

=12x20 x20x7
=12x20x7=1680

1 2 S 4 5
0 | 120
0 360
0 720
0 1680

0

U B W N—-

e We initialize the diagonal element with equal i,j value with ‘0.

o After that second diagonal is sorted out and we get all the values corresponded to it
Now the third diagonal will be solved out in the same way.
Now product of 3 matrices:
ML, 3]=M1 M2 M3

1. There are two cases by which we can solve this multiplication: ( M1 x M2) + M3,
MI1+(M2x M3)

2. After solving both cases we choose the case in which minimum output is there.

M [1,2] + M [3,3] + popzpz = 120 + 0 4+ 4.3.12 = 2.54}
M[1,1] + M[2.3] + popip: = 0+ 360 + 4.10.12 = 840

M [1, 3] = min {
M [1, 3] =264

As Comparing both output 264 is minimum in both cases so we insert 264 in table and ( M1
x M2) + M3 this combination is chosen for the output making.

M [2, 4] = M2 M3 M4

1. There are two cases by which we can solve this multiplication: (M2x M3)+M4,
M2+(M3 x M4)



2. After solving both cases we choose the case in which minimum output is there.

3 ; _ . T
M [z,qzmin{mfz 1+ M[4,4] + pipsps = 360 + 0+ 10.12.20 = 2 60}

M[2,2] + M[3.4] + pipsps =0+ 720+ 10.3.20 = 1320

M [2, 4] = 1320
As Comparing both output 1320 is minimum in both cases so we insert 1320 in table and
M2+(M3 x M4) this combination is chosen for the output making.

M [3,5]=M3 M4 M5

1. There are two cases by which we can solve this multiplication: ( M3 x M4) + M5,
M3+( M4xM5)

2. After solving both cases we choose the case in which minimum output is there.

p =7 3.20.7 =
M [3, 5] = min {M[S.-fl-] + M[5,5] + P2PaPs 20404 3 .20.7 114(]'}

M[3,3] + M[4,5] + p.psps = 0+ 1680 + 3.12.7 = 1932

M [3,5]=1140

As Comparing both output 1140 is minimum in both cases so we insert 1140 in table and
( M3 x M4) + M5this combination is chosen for the output making.

1 2 3 4 5 1 2 3 4 5
0 |120 1 0 |120 | 264
0 | 360 2 0 | 360 |1320
0 | 720 3 —» 0 | 720 | 1140
0 |[1680|4 0 |1680
0 |5 0

v w =

Now Product of 4 matrices:

M1, 4] =M1 M2 M3 M4

There are three cases by which we can solve this multiplication:
1. (Ml x M2 x M3) M4
2. M1 x(M2 x M3 x M4)
3. (M1 xM2) x (M3 x M4)

After solving these cases we choose the case in which minimum output is there

M[1,3] + M[4,4] + popsps =264 4+ 0+ 4.1220= 1224
M [1, 4] = min 4 M[1,2] + M[3,4] + pop2ps = 120 + 720 + 4.3.20 = 1080
M[1,1] + M[2,4] + pypips =0+ 1320 + 4.10.20 = 2120

M [1, 4] =1080

As comparing the output of different cases then ‘1080’ is minimum output, so we insert
1080 in the table and (M1 xM2) x (M3 x M4) combination is taken out in output making,

M [2, 5] = M2 M3 M4 M5



There are three cases by which we can solve this multiplication:

1. (M2 x M3 x M4)x M5

2. M2 x(M3x M4 x M5)

3. (M2 x M3)x ( M4 x M5)

After solving these cases we choose the case in which minimum output is there

M[2,4] + M[5,5] + pypaps = 1320 + 0 + 10.20.7 =

2720

M [2, 5] =min { M[2,3] + M[4,5] + p1paps = 360 + 1680 + 10.12.7 = 2880
M[2,2] + M[3,5] + pipaps = 0 + 1140 + 10.3.7 =

M [2, 5] = 1350

1350

As comparing the output of different cases then ‘1350’ is minimum output, so we insert
1350 in the table and M2 x( M3 x M4xMS5)combination is taken out in output making.

1 2 3 4 5 1 2 3 4 5
0 | 120 | 264 1 0 | 120 | 264 {1080
0 360 [ 1320 2 0 360 | 1320 | 1350
0 720 | 1140|3 — 0 /20 | 1140
0 1680 | 4 0 1680
0 |3 0

Now Product of 5 matrices:

M [1, 5] =M1 M2 M3 M4 M5

There are five cases by which we can solve this multiplication:

1

2.

> W

. (M1 x M2 xM3 x M4 )x M5

. (M1 x M2 xM3)x M4 xM5

MI x M2x(M3 x M4 xM5)

M1 x( M2 xM3 x M4 xM5)

After solving these cases we choose the case in which minimum output is there

M [1, 5] =min

M1, 5] = 1344

M[1,4]
M[1,3]
M[1,2]
M[1,1]

As comparing the output of different cases then ‘1344’ is minimum output, so we insert
1344 in the table and M1 x M2 x(M3 x M4 x M5)combination is taken out in output making.

Final Output is:

v B b=



1 2 3 4 5 1 2 3 4 5

0 120 | 264 [ 1080 1 0 120 | 264 1080 | 1344 | 1
0 360 (1320|1350 2 0 360 | 1320|1350 2

0 720 (1140 3 4 0 720 [ 1140| 3

0 1680 | 4 0 1680 | 4

0 |5 0 |5

So we can get the optimal solution of matrices multiplication....

Multi Stage Graph
Multistage Graph problem is defined as follow:

= Multistage graph G = (V, E, W) is a weighted directed graph in which vertices are
partitioned into k > 2 disjoint sub sets V = {Vi, Va, ..., Vi} such that if edge (u, v) is
present in E then u € Viyand v € Vi, 1 <i<k. The goal of multistage graph problem
isto find minimum cost path from source to destination vertex.

= The input to the algorithm is a k-stage graph, n vertices are indexed in increasing
order of stages.

= The algorithm operates in the backward direction, i.e. it starts from the last vertex of
the graph and proceeds in a backward direction to find minimum cost path.

= Minimum cost of vertex j € V; from vertex r € Vi+1 is defined
as,Cost[j] = min{ c[j, r] + cost[r] }

where, c[j, r] is the weight of edge <j, r> and cost[r] is the cost of moving from end
vertex to vertex r.

= Algorithm for the multistage graph is described below :
Algorithm for Multistage Graph
Algorithm MULTI STAGE(G, k,

n, p)
// Description: Solve multi-stage problem using dynamic programming

// Input:
k: Number of stages in graph G = (V,
E)c[i, j]:Cost of edge (i, j)

// Output: p[1:k]:Minimum cost path

cost[n] «— 0

forj«<——n—-1to1ldo
//Let r be a vertex such that (j, r) in E and c[j, r] + cost[r] is
minimumcost[j] < c[j, r] + cost[r]
nfj] —r

end

//Find minimum cost path

p[1] 1
p[k] < n



forj<—2tok-1do
plj] — =lp(j - 11]

end
Complexity Analysis of Multistage Graph

If graph G has [E| edges, then cost computation time would be O(n + |E|). The complexityof
tracing the minimum cost path would be O(k), k <n. Thus total time complexity of
multistage graph using dynamic programming would be O(n + |E)).

Example

Example: Find minimum path cost between vertex s and t for following multistage
graphusing dynamic programming.

Solution:

Solution to multistage graph using dynamic programming is constructed as,

Cost[j] = min{c[j, r] + cost[r]}

Here, number of stages k = 5, number of vertices n = 12, source s = 1 and target t = 12
Initialization:

Cost[n] =0 = Cost[12] =

0.p[1]=s=>p[l]=1

plk]=t=p[5]=12.

Stage 3:



Vertex 6 is connected to vertices 9 and 10:

Cost[6] = min{ c[6, 10] + Cost[10], ¢[6, 9] + Cost[9] }
=min{5+2,6+4} =min{7, 10} =7

pl6] =10

Vertex 7 is connected to vertices 9 and 10:

Cost[7] = min{ c[7, 10] + Cost[10], ¢[7, 9] + Cost[9] }
=min{3+2,4+4} =min{5,8} =5

p[7]=10

Vertex 8 is connected to vertex 10 and 11:

Cost[8] =min{ c[8, 11] + Cost[11], ¢[8, 10] + Cost[10] }
=min{6+ 5,5+ 2} =min{l1,7} =7 p[8] =10

Stage 2:
Vertex 2 is connected to vertices6, 7 and 8:
Cost[2] =min{ c[2, 6] + Cost[6], c[2, 7] + Cost[7], c[2, 8] + Cost[8] }

=min{4+7,2+5,1+7} =min{l1,7,8} =7
p[2]=7

Vertex 3 is connected to vertices 6and 7:

Cost[3] = min{ c[3, 6] + Cost[6], c[3, 7] + Cost[7] }
=min{2+7,7+5} =min{9, 12} =9

p[3]=6

Vertex 4 is connected to vertex 8:

Cost[4] =c[4, 8] + Cost[8]=11+T7=18

p[4] =8

Vertex 5 is connected to vertices 7 and 8:

Cost[5] = min{ c[5, 7] + Cost[7], c[5, 8] + Cost[8] }
=min{ll +5,8+ 7} =min{l6, 15} =15 p[5] =8



Stage 1:

Vertex 1 is connected to vertices 2, 3, 4 and 5:

Cost[1]=min{ c[1, 2] + Cost[2], c[1, 3]+ Cost[3], c[1, 4] + Cost[4], c[1, 5] + Cost[5]}
=min{9+7,7+9,3+18,2+15}

=min { 16, 16,21, 17 } =16 p[1]=2

Trace the solution:

p[1]=2

p[2]=7

p[7]= 10

v | v : v v
d[1]} di2] d[3] d4] {d[s] 6] d[7] o8] | d[9] o[10] d[11]ic[12]
'8 10 10 10 {12 12 12} 12

p[10]=12
Minimum cost pathis: 1 -2—-7—-10-12
Costofthe pathis:9+2+3+2=16

Optimal Binary Search Tree

= Optimal Binary Search Tree extends the concept of Binary searc tree. Binary Search
Tree (BST) is a nonlinear data structure which is used in many scientific



applicationsfor reducing the search time. In BST, left child is smaller than root and
right child is greater than root. This arrangement simplifies the search procedure.

= Optimal Binary Search Tree (OBST) is very useful in dictionary search. The
probability of searching is different for different words. OBST has great application in
translation.
If we translate the book from English to German, equivalent words are searched
from English to German dictionary and replaced in translation. Words are searched
same as in binary search tree order.

= Binary search tree simply arranges the words in lexicographical order. Words
like ‘the’, ‘is’, ‘there’ are very frequent words, whereas words
like ‘xylophone’, ‘anthropology’ etc. appears rarely.

= Itisnot a wise idea to keep less frequent words near root in binary search tree.
Instead of storing words in binary search tree in lexicographical order, we shall
arrange them according to their probabilities. This arrangement facilitates few
searches for frequent words as they would be near the root. Such tree is
called Optimal Binary Search Tree.

= Consider the sequence of nkeys K = <ki, ks, ks, ..., ko> of distinct probability in
sortedorder such that
ki<ka<... <kn. Words between each pair of key lead to unsuccessful search, so for n
keys, binary search tree contains n + 1 dummy keys di, representing unsuccessful
searches.

= Two different representation of BST with same five keys {ki, ko, k3, ka, ks}
probabilityis shown in following figure

= With n nodes, there exist (2n)!/((n + 1)! * n!) different binary search trees. An
exhaustive search for optimal binary search tree leads to huge amount of time.

= The goal is to construct a tree which minimizes the total search cost. Such tree is
called optimal binary search tree. OBST does not claim minimum height. It is also
notnecessary that parent of sub tree has higher priority than its child.

* Dynamic programming can help us to find such optima tree.

Binary search trees with 5 keys

Mathematical formulation


https://codecrucks.com/dynamic-programming/

» We formulate the OBST with following observations
* Any sub tree in OBST contains keys in sorted order k;...kj, where 1 <i<j<n.
= Sub tree containing keys ki...k;j has leaves with dummy keys di.i....d;.

= Suppose k; is the root of sub tree containing keys ki.....k;. So, left sub tree of root
k: contains keys
ki....kr1 and right sub tree contain keys k:+1 to kj. Recursively, optimal sub trees
areconstructed from the left and right sub trees of k.

= Lete[i, j] represents the expected cost of searching OBST. With n keys, our aim is
tofind and minimize e[ 1, n].

= Base case occurs when j =1i— I, because we just have the dummy key d;.1 for this
case. Expected search cost for this case would be e[i, j] = e[i,1— 1] = qi-1.

= For the case j > i, we have to select any key k; from k;.. .kj as a root of the tree.

= Withk: as a root key and sub tree ki...kj, sum of probability is defined as
J J

wi,j) = 2 pmt 2 Qm

m=i m=i-1

(Actual key starts at index 1 and dummy key starts at index 0)

Thus, a recursive formula for forming the OBST is stated below :

et Fj=i=1
e[i, j] =1 min {e[i,r— 1] +e[r + 1, j] + w(i, j)
i<r<j} ifi<j

e[i, j] gives the expected cost in the optimal binary search tree.
Algorithm for Optimal Binary Search Tree

The algorithm for optimal binary search tree is specified below :
Algorithm OBST(p, q, n)

/le[l...n+1,0...n] : Optimal sub tree

//'w[l...n+1, 0...n]: Sum of probability

/I toot[1...n, 1...n] : Used to construct OBST

fori<—1ton+1do
e[i,i—1]«qi—1
wli,i—1]«qi—1

end



form < 1 tondo
fori— 1ton—m+1do
Jje—i+tm-—
le[i,j] «— o0
Wi, jl —wli,j—1]+pj+ g
forr —itojdo

t(_e[iar_ 1]+e[r+ 17J]+W[15J]

ift<e[i,j]
thene[i, j] «—
t root[i, j] «
r
end
end
end
end
return (e, root)
Complexity Analysis of Optimal Binary Search Tree

It is very simple to derive the complexity of this approach from the above algorithm. It uses
three nested loops. Statements in the innermost loop run in Q(1) time. The running time of
the algorithm is computed as

n n-m+In-1+1

2 A 2 8

m=1 1i=1 j=1i

T(n)

n n-m+1

S % oa= X

m=1 1=1

O (n’)

I

Thus, the OBST algorithm runs in cubic time
Example

Problem: Let p (1 : 3) = (0.5, 0.1, 0.05) q(0 : 3) = (0.15, 0.1, 0.05, 0.05) Compute and
construct OBST for above values using Dynamic

approach.Solution:

Here, given that



3 3

wlL,3]1= D put D, G

m=1 m=0
=P tptp) T @ttt qs)
=065+035=1
1 0 1 2 3
pi 0.5 0.1 0.05
qgi 0.15 0.1 0.05 0.05
] i
wi,j) = X Ppmt X Gm
m=1 m=i1-1
Recursive formula to solve OBST problem is

Where,

0 0
wlL,0] = 2 put D, Gu=qo=0.15
m=1 m=20

Initially,

Now, we will compute eli, j]

Initially,

e[l, 0]=qo=0.15 (~ j=i-1)
e[2, 1]1=q1=0.1 (~j=i-1)




e[3, 2]=q=0.05 (~ j=1-1)
e[4, 3]=q3=0.03 (~j=i-1)

e[1, 1]=min { e[1, 0] +e[2, 1]+ w(l, 1)}
= min {0.15+0.1 +0.75} = 1.0

e[2, 2] = min {e[2, 1]+¢[3, 2]+ W(2,2)}
= min { 0.1 +0.05+0.25 } = 0.4

e[3, 3]= min { e[3, 2] +e[4, 3]+ w(3,3) }
= min { 0.05 + 0.05 + 0.15 } = 0.25
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e[1,0] +e[2,2] +w[l, 2] }
e[l, 1] +¢[3, 2] +w[l, 2]

0.15+0.4 +0.90 }
1.0 +0.05+0.90

1.45
1.95}: 1.45
e [2, 1]+ ¢[3, 3] + w(2, 3) }

e[2,2]+e[4,3]+wW(2,3)

0.1 +0.25+0.35 }
0.4+0.05+0.35

e[2, 3]

Il

g
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e[1,0]+e[2, 3] +w(l,3)
e[l,3] = min{ e[l, 1] +e[3, 3] + w(l, 3) }
e[l,2] +e[4, 3] +w(l, 3)
{0.15 + 0.80 + 1.0}
miny 1.0 + 025 + 1.0

45 + 0.05 + 1.0

1
1.95

= miny 2.257=1.95
2.5

e

e[1, 3] is minimum forr=1,sor[1,3] =1
e[2, 3] is minimum forr =2, so r[2, 3] =2
e[1, 2] is minimum forr=1, so 11, 2] =1
e[3, 3] is minimum for r = 3, so r[3, 3] =3

e[2, 2] is minimum forr =2, so r[2, 2] =2

e[1, 1] is minimum forr=1,so r[1, 1] =1

Let us now construct OBST for given

data.r[1, 3] =1, so ki will be at the

root. k»....3 are on right side of ki

1[2, 3] =2, So k» will be the root of this sub tree.
ks will be on the right of ko.

Thus, finally, we get.

Greedy Technique
Activity Selection
Problem

Activity Selection problem is a approach of selecting non-conflicting tasks based on start and
end time and can be solved in O(N logN) time using a simple greedy approach. Modifications



of this problem are complex and interesting which we will explore as well. Suprising, if we
use a Dynamic Programming approach, the time complexity will be O(N”3) that is lower
performance.

The problem statement for Activity Selection is that "Given a set of n activities with their
start and finish times, we need to select maximum number of non-conflicting activities that
can be performed by a single person, given that the person can handle only one activity at a
time." The Activity Selection problem follows Greedy approach i.e. at every step, we can
make a choice that looks best at the moment to get the optimal solution of the complete
problem.

Our objective is to complete maximum number of activities. So, choosing the activity which
is going to finish first will leave us maximum time to adjust the later activities. This is the
intuition that greedily choosing the activity with earliest finish time will give us an optimal
solution. By induction on the number of choices made, making the greedy choice at every
step produces an optimal solution, so we chose the activity which finishes first. If we sort
elements based on their starting time, the activity with least starting time could take the
maximum duration for completion, therefore we won't be able to maximise number of
activities.

Algorithm
The algorithm of Activity Selection is as
follows: Activity-Selection(Activity, start, finish)
Sort Activity by finish times stored in
finishSelected = {Activity[1]}
n=
Activity.lengthj =
1
fori=2ton:
if start[i] > finish[j]:
Selected = Selected U
{Activity[i]}j =1

return Selected

Complexity

Time Complexity:

When activities are sorted by their finish time: O(N)

When activities are not sorted by their finish time, the time complexity is O(N log N) due to
complexity of sorting



START 1 3 2 0 5 8 11

END 3 a 5 7 | 9 10 12

START[4] >=END[2], SELECTED

START 1 3 2 0 5 11

END 3 4 5 7 “ 12

sTART[5]<EnD[4], REJECTED

START 1
END 3
0 1 2 3 4 5 6
START 1 3 2 0 5 8 11
END 3 4 5 7 9 10 12
SELECTED
START 1 3 2 0 5 8 11
END 3 4 5 7 9 10 12
sTART[1]>=EnD[0], SELECTED
START 1 3 (4] 5 8 11
END 3 5 7 9 10 12
sTART[2]<END[1], REJECTED
START 1 3 2 5 8 11
END 3 5 7 9 10 12

sTART[3]<END[1], REJECTED

In this example, we take the start and finish time of activities as follows:

start=[1,3,2,0,5, 8, 11]

finish=1[3,4,5,7,9, 10, 12]

Sorted by their finish time, the activity 0 gets selected. As the activity 1 has starting time
which is equal to the finish time of activity 0, it gets selected. Activities 2 and 3 have smaller
starting time than finish time of activity 1, so they get rejected. Based on similar
comparisons, activities 4 and 6 also get selected, whereas activity 5 gets rejected. In this
example, in all the activities 0, 1, 4 and 6 get selected, while others get rejected.

Optimal Merge Pattern

Merge a set of sorted files of different length into a single sorted file. We need to find an
optimal solution, where the resultant file will be generated in minimum time.

If the number of sorted files are given, there are many ways to merge them into a single
sorted file. This merge can be performed pair wise. Hence, this type of merging is called
as 2-way merge patterns.

As, different pairings require different amounts of time, in this strategy we want to
determine an optimal way of merging many files together. At each step, two shortest
sequences are merged.

To merge a p-record file and a g-record file requires possibly p + q record moves, the
obvious choice being, merge the two smallest files together at each step.



Two-way merge patterns can be represented by binary merge trees. Let us consider a set of
n sorted files {f1, f2, f3, ..., fu}. Initially, each element of this is considered as a single node
binary tree. To find this optimal solution, the following algorithm is used.

Algorithm: TREE (n)
fori:=1ton—1do
declare new node
node.leftchild := least (list)
node.rightchild := least (list)
node.weight) := ((node.leftchild).weight) + ((node.rightchild).weight)
insert (list, node);
return least (list);
At the end of this algorithm, the weight of the root node represents the optimal cost.
Example

Let us consider the given files, fi, f2, f3, f4 and f5 with 20, 30, 10, 5 and 30 number of
elements respectively.

If merge operations are performed according to the provided sequence, then
M = merge {1 and £ =>20+ 30 =50

M; =merge M; and f3=> 50+ 10 =

60M3 = merge M, and fs => 60+ 5 =

65 M4 =merge M3 and fs => 65 + 30

=95

Hence, the total number of operations is

50 +60+ 65+95=270

Now, the question arises is there any better solution?

Sorting the numbers according to their size in an ascending order, we get the following
sequence —

fa, £3, f1, £, 5

Hence, merge operations can be performed on this sequence
M; =merge fsand f3=>5+10=15

M, = merge M; and f; => 15 + 20 =

35M3 = merge M, and f => 35 + 30

= 65M4 = merge M3 and f5s => 65 +

30=095

Therefore, the total number of operations is
15+35+65+95=210

Obviously, this is better than the previous one.



In this context, we are now going to solve the problem using this algorithm.

Initial Set
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Hence, the solution takes 15 + 35 + 60 + 95 = 205 number of comparisons.
Huffman Tree

Huffman coding provides codes to characters such that the length of the code depends on the



relative frequency or weight of the corresponding character. Huffman codes are of variable-
length, and without any prefix (that means no code is a prefix of any other). Any prefix-free
binary code can be displayed or visualized as a binary tree with the encoded characters stored
at the leaves.

Huffman tree or Huffman coding tree defines as a full binary tree in which each leaf of the
tree corresponds to a letter in the given alphabet.

The Huffman tree is treated as the binary tree associated with minimum external path weight
that means, the one associated with the minimum sum of weighted path lengths for the given
set of leaves. So the goal is to construct a tree with the minimum external path weight.

An example is given

below- Letter frequency

table
Letter z k m C u d 1 e
Frequency 2 7 24 32 37 42 42 120

Huffman code

Letter Freq Code Bits
e 120 0 1
d 42 101 3
1 42 110 3
u 37 100 3
c 32 1110 4
m 24 11111 5
k 7 111101 6

z 2 111100 6



The Huffman tree (for the above example) is given below -

Algorithm Huffman (c)
{

n=|c|

Q=c

for i<-1 to n-1

do
{

temp <- get node ()

left (temp] Get_min (Q) right [temp] Get Min (Q)
a = left [templ b = right [temp]

F [temp]<- fla] + [b]

insert (Q, temp)

}

return Get_min (0)

}
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